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Abstract 



The following work is an exploration into certain topics in the broad world of 
integrable models, both classical and quantum, and consists of two main parts 
of roughly equal length. The first part, consisting of chapters 1-3, concerns itself 
mainly with correlations between results in classical hierarchies and quantum 
lattice models. The second part, consisting of chapters 4-6, deals almost entirely 
with deriving results concerned with quantum lattice models. 

Outline of thesis - including main references used. 

Part 1. 

Chapter 1 consists of a detailed, (almost) self contained account into the formu- 
lation of the finite 2-Toda classical hierarchy and its corresponding polynomial 
T-functions. Readers familiar with this topic can happily skip this section as 
most of the details can be found in [1-5], with the slight exception of section 
1.5 which details an elementary attempt to extend the polynomial solutions of 
the r-function by means of a simple scale transformation. Section 1.6 serves 
as a reference for fundamental results regarding symmetric polynomial^ The 
results in this section is assumed intimately throughout the rest of part 1 of the 
thesis. 

Chapter 2 begins with a detailed account of the construction of the quantum 
phase model using the algebraic Bethe ansatz and the corresponding scalar 
product. Most of the results in sections 2.1.1-2.1.4 can be found in [7,8]. Sec- 
tion 2.1.5 details a beautiful and necessary result [9] which expands the scalar 
product as the bilinear sum of Schur polynomials. The first substantial original 
result in this thesis is found in section 2.1.6 which details the correspondence be- 
tween the scalar product and the r-function of the 2-Toda hierarchy. Section 2.2 
examines the corresponding Toda wave-vectors for the phase model and shows 
that they correspond to certain specific classes of correlation functions. We ad- 
ditionally detail how to obtain the single determinant form for these correlation 
functions. Section 2.3 is a simple observation of the correspondence between 
the r-functions of the scale transformed 2-Toda hierarchy detailed in section 1.5 
and the scalar product of Hall-Littlewood vertex operators found in [11]. The 
results of these two sections are to appear in [12]. 

Chapter 3 contains results regarding the correspondence between the six vertex 
model and the KP hierarchy. Sections 3.1.1-3.1.2 are a general introduction to 
the model and an overview of the Korepin-Izergin approach [13, 14] to deriv- 
ing the domain wall partition function (DWPF). Section 3.1.3 gives a detailed 
account, found in [15], of the derivation of a necessary alternative form to the 
DWPF given by Lascoux. Section 3.1.4 details how an additional form for the 
DWPF, given by Kirillov and Smirnov [16] , can be transformed to a form equiva- 
lent to that of Lascoux. Section 3.2 serves as a reference for fundamental results 
regarding free fermions and their corresponding infinite dimensional Fock space. 
All of these results can be found in [17-20]. Section 3.3 details how to express 

^AU results in this section can be found in chapters I and III of [6]. 
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the Lascoux (and Kirillov-Smirnov) DWPF expression in fermionic form. The 
details of this section form the basis for [21]. Section 3.4.1 serves as an intro- 
duction to the algebraic Bethe ansatz approach to the six vertex model and the 
definition of the scalar product given this approach. The details of this section 
can be found in a staggering amount of references, (we give [22-28] as typical ex- 
amples) , owing to the complexity of the topic and the subsequent interest it has 
obtained. Section 3.4.2 introduces a necessary form of the scalar product [29], 
given by Slavnov. In this form only one of the sets of quantum variables obeys 
the necessary Bethe equations. Section 3.4.3 details how Slavnov's result can be 
re-expressed in a form equivalent to Lascoux's DWPF and section 3.4.4 details 
the subsequent fermionization of this expression. The details of this section form 
the basis for [30]. Section 3.5 serves as a conclusion, detailing how the fermionic 
forms of the DWPF and scalar product derived in this section automatically sat- 
isfy the KP bilinear equation. The details of this section can be found in [17,18]. 

Part 2. 

Chapter 4 marks the beginning of the second part of the thesis, where results 
concerning classical integrable systems are kept to a minimum, replaced by the 
consideration of integrable lattice models. The first of these systems is the so 
called trigonometric coloured Felderhof vertex model [31-33], or alternatively 
the spin- i Deguchi-Akutsu vertex model [34, 35] , which can be thought of as the 
free fermion six vertex model in the presence of fields. Section 4.1 gives a neces- 
sary overview of the model and the corresponding coloured Yang-Baxter equa- 
tions. In section 4.2.1 we derive the determinant form of the DWPF of the model 
(with rapidities trivialized) using the corresponding Koerpin-Izergin [13,14] type 
of proof. In section 4.2.2 we first take the homogeneous limit of the DWPF us- 
ing a technique detailed in [36]. We then show that the homogeneous DWPF 
is a T-function of the 2-Toda molecule equation [20] . A similar observation was 
also made between homogeneous DWPF of the six vertex model and the 1-Toda 
molecule equation in [37]. The results of section 4.2 were published in [38]. In 
section 4.3 we detail how the determinant form of the DWPF can be transformed 
to a Cauchy determinant, and hence expressed as a product. This simplification 
is due to the free fermion nature of the model. 

Chapter 5 contains results regarding the Baxter solid-on-solid (BSOS) elliptic 
height model. Sections 5.1.1-5.1.2 detail some of the main differences between 
height and vertex models, the application of the state variables and the fact 
the weights are parameterized by elliptic functions rather than trigonometric. 
We also give a necessary theoren:]^ concerning doubly (anti)periodic functions, 
of which a majority of elliptic functions are categorized as. Section 5.1.3 intro- 
duces the elliptic Boltzmann weights of the model as well as the all important 
algebraic and pictorial definition(s) of the height Yang-Baxter identities, as de- 
tailed in [40,41]. In section 5.1.4 we detail what exactly domain wall boundary 
conditions (DWBC's) mean for a height model. In section 5.2.1 we express the 
DWPF recursively using a double summation. The method employed in this 
section is an elliptic extension of the method first used in [42] on the six vertex 
model. We drastically simplify the recursive expression for the DWPF in sec- 



^In particular, theorem 15.1 of [39]. 
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tion 5.2.2, again by an elliptic extension of a method first used in [43] on the 
six vertex model. Finally in section 5.2.3 we express the DWPF as a sum over 
the permutation group. 

Chapter 6 is arguably the most straight-forward chapter of this thesis. In sec- 
tion 6.1.1 we give the definition of the trigonometric Perk-Schultz (PS) vertex 
model [44-46], the parameterization of the Boltzmann weights and the asso- 
ciated graded Yang-Baxter equation. Sections 6.1.2-6.1.3 give the equivalent 
Korepin-Izergin [13, 14] type proof for the DWPF, however, due to an asym- 
metry in the line permuting vertices, the most natural guess for the DWPF 
turns out to be a product expression, rather than a determinant. The results 
of these sections were published in [47]. Section 6.2.1 revisits elliptic functions 
and offers a necessary result regarding entire doubly gitasz-periodic functions. 
The result is a straight-forward generalization of theorems 15.2 and 15.3 in [39]. 
In section 6.2.2 we give the definition of the elliptic PS height model [48], the 
parameterization of the Boltzmann weights and the associated graded height 
Yang-Baxter equation. Sections 6.2.3-6.2.4 give the equivalent elliptic Korepin- 
Izergin [13, 14] type proof for the DWPF, however, again due to an asymmetry 
in the line permuting faces, the most natural guess for the DWPF turns out 
to be a product expression, rather than a determinant. The results of these 
sections were published in [49]. In section 6.2.5 we generate some really nice 
elliptic identities by performing the same analysis on the PS height model that 
we performed on the BSOS model in sections 5.2.1-5.2.2, based on the results 
in [42,43]. 
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Monkey burst into tears. "Where am I to go?" he asked. 
"Back to where you came from, I should suppose, " said the Patriarch. 
"You don't mean back to the Cave of the Water Curtain in Ao-lai!" said 
Monkey. 

"Yes, " said the Patriarch, "go back as quickly as you can, if you value your 
life. One thing is certain in any case; you can't stay here. " 

"May I point out, " said Monkey, "that I have been away from home for 
twenty years and should be very glad to see my monkey-subjects once more. But 
I can't consent to go till I have repaid you for all your kindness. " 

"I have no desire to be repaid, " said the Patriarch. "All that I ask is that if 
you get into trouble, you should keep my name out of it. . . Fm convinced you'll 
come to no good. So remember, when you get into trouble, I absolutely forbid 
you say that you are my disciple. If you give a hint of any such thing I shall flay 
you alive, break all your bones, and banish your soul to the Place of Ninefold 
Darkness, where it will remain for ten thousand aeons. " 

Wu Gh'eng-en, 'Journey to the West' 
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Chapter 1 

Finite 2-Toda hierarchy 



The discovery and subsequent study of the 2-Toda hierarchy is an obvious 
landmark in the world of classical integrable hierarchies and the wider study of 

intcgrablc models. The hierarchy itself is arguably attributed to two separate 
axeas of study, that of the Toda lattice equation and that of the KP hierarchy. 

Integrability of the Toda lattice equation. The study of the integrable 
properties of the Toda lattice equation began in 1967 [50] when Toda discovered 
certain nice properties of the non linear lattice with an exponential potential. 
The equation of motion for this system, 

d^Usix) = e''=(^)-"o-i(^) - e"=+i(^)-"=(^) , s 6 N (1.1) 

is obviously referred to as the Toda lattice equation. Inspired by Toda's find- 
ings, Ford et. al. [51] deduced that a three particle spring system with the Toda 
potential always has three conserved quantities, thus ensuring integrability of 
the system. In 1974 both Henon [52] and Flaschka [53] proved the existence of 
N conserved quantities for an N particle lattice. 

The KP hierarchy. The KP hierarchy arguably began with the landmark 
paper [54] by Gardner et. al. when they applied the inverse scattering trans- 
form method to solve the initial value problem for the celebrated KdV equation. 
In [55] Lax expressed the KdV equation as the compatibility condition of two 
linear operator equations. Specifically, consider the two differential operators, 

L = + 2u{x\,X2) , B = dl^ + Su{xi,X2)dxi + -{dxiU(xi,X2)} 

and the following linear equations, 

Li, = \i, , d^^tP = Bi) (1.2) 

where the eigenvalue A is independent of {xi,X2}- The compatibility condition 
of these two linear equations, 

d^^L=[B,L] (1.3) 

reduces to the KdV equation. The formal extension to the above compatibility 
condition was first given in [56] by Zakharov and Shabat. Specifically, from the 
following linear operator equations, 

dxrr,w{x) = Bmw{x) , dx„vj{x) = B„w{x) , {m,n} G N (1.4) 

(we refer to w{x) as the wave-function), the compatibility conditions yield the 
Zakharov-Shabat equation, 

d:c^Bn-dx^Bm + [Bn,Bm]=0 (1.5) 
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CHAPTER 1. FINITE 2-TODA HIERARCHY 



By choosing suitable differential operators {B^jBn}, one an reduce eq. 1.5 to 
any one of an infinite amount of non linear applied partial differential equations, 
one of which is the KP equation, 



(1.6) 



Through defining an appropriate L operator^ it can also be shown that the 
Zakharov-Shabat equation is equivalent to the following generalized Lax pair 
system, 

d.^L=[Brrr,L] ,meN (1.7) 



In either form (eq. |1.5| or 1.7), the infinite set of differential equations is referred 
to as the KP hierarchy. 



In this chapter, we shall introduce the 2-Toda hierarchy as it was introduced 
in the seminal paper [4] by Ueno and Takasaki, as a straight forward general- 
ization of the KP Lax pair system with four sets of operators, L, M, Bm and 
C„, as opposed to the usual two for KP. From this starting point we shall then 
feature the results in [1-5], and demonstrate how the system can be sofoet^ by 
considering a well defined matrix initial value problem. When it comes time to 
discuss the r-function of the hierarchy, we shall see the real advantages of this 
initial value approach. 



1.1 Definition of the 2-Toda hierarchy 

We begin this section by giving the definition of the 2-Toda hierarchy (with 
2 copies of n — TO — 1 time variables) in terms of 4 distinct Lax type systems of 
first order differential equations. First we give some necessary definitions. 

Defining the following shift matrices, 

^[m,n-l] ~ {^k+jd)k.le{m,....n-l} 
{j^Jm,n-l]j =^[„i,„_l] = (^fc-j,i)fc,!e{m,...,n-l} 

we let E]^i be the (fc, I) unit matrix of size {n — m) x (n — to), 

Eki = (5ife(5j;)ij-,fc_((={m_. .,_„_!} 

In this notation the Lie algebra gl{n — m) in naturally generated by the linear 
combination of all such (n — to) x (n — to) matrices, 

gl{n — m) = < ^ aijEij\aij G C > 

yi,ie{m,....n-l} J 

The general matrix A e gl(n ~ to) is written in the following convenient form, 

n — m — \ 
J — — n + m + 1 

where to < s < n— 1 denotes the row of the matrix A. The matrix A e gl(n—m) 
is said to be a strictly lower triangular matrix if aj{s) — for j > and an 

in general is a pseudo- differential operator. 
^By solved we refer to defining/deriving the quantities L, M, Bm and Cn- 
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upper triangular matrix if aj{s) = for j < 0. With these distinctions, we label 
the (±) sections of the matrix A as, 

n — m — l — 1 

j—0 J — — n+m + l 

We now define 2 sets of time flows x and y as, 

f = {Xi,X2, . . . ,X„-m-l} , y = {j/1,2/2, • • • ,t/n-m~l} 

and let L(x, y), M{x, y), Bn{x, y), C„(x, y) G gl{n — m) where, 
1 

— Ti + m + 1 

J=-l 

We now define the 2-Toda hierarchy as the following Lax type system of differ- 
ential equations, 

dx^L{x,y) = [B„{x,y),L{x,y)] dy^L{x,y) = [Cn{x,y), L{x,y)] , , 

a.„M(x , y) = [B4x, y), M{x, y)] dy^M{x, y) = , y),M{x, y)] ^^'"^ 

or equivalently (theorem 1.1 of [3]), the Zakharov-Shabat system, 

dxr^Bn — dx„Bm + [Bn, -Bm] = 

dy^Cn - dy^Crr^ + [C„ , C™] = (1.9) 
dymBn — dx„Cm + [Bn, Cm] = 

Compatibility conditions. It can be shown (theorem 1.2 of [3]) that the 
above systems are the compatibility conditions of the following linear operator 
equations, 

dx^W^°"\x,y) = BmW^^\x,y) dy^W^°°\x,y) = CmW^°^\x,y) 
dx^W^''\x,y) = BmW'^''\x,y) dy^W^^^x^y) = CmW'^°\x,y) ' 

where W^°°l^'^(x,y) e GL{ n — m) are referred to as wave-matrices, and the 
derivation of their exact form forms the basis for the next section of this thesis. 

The Toda lattice equation. With the following parameterization for Bi 
and Ci, 

Bi ^ 5t^j-i + 5tjdxiu{i,x,y) , Ci = 5._^_^jg"(''^'!')-"(»-i'^'!') 

the third Zakharov-Shabat equation for {m, n} — 1 becomes the 2 dimensional 
Toda lattice equation, 

dt-i I -* -*\ u(s.x.y) — u(s — l.x.y) u(s4-l,x.y) — u(s.x.y) / ■, ■, ■, \ 

xidy-^u(s, x,y) = e ^ ' ^ ' -u/ _ ^ \ -r , ,y/ \ , ,y/ (l-U) 



These systems (eq. 1.8 and 1.9 1 are an obvious parallel to the Lax and Zakharov- 
Shabat systems that originally defined the KP hierarchy. In what follows, we 
shall first consider the initial value problem for the 2- Toda hierarchy and hence 
find explicit values for the entries of the wave-matrices of the hierarchy. If we 
then define the matrices L and M (and by extension i?„ and C„) as specific 
products of the wave matrices, we shall then show that the wave-matrices allow 
us to construct 4 distinct sets of first order linear differential equations. Con- 
sidering the compatibility of these equations then leads us to the definition of 
the 2- Toda hierarchy found in eq. |1.8[ 
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1.2 The initial value problem 

We begin by defining the constant matrix ^ G GLin—m) — {ai,j)i_j=rn,...,n-i, 
such that det [a,-,l- ■ , ^ 0,m < s < n. Our task now is to find wave- 

matrices W^°°^{x,y) and W^'-''\x,y) such that, 



where W'^°°^(x^y) and W'^'^^(x,y) have the specific form. 



(1.12) 



W^°°\x,y) = W^°°\x,y) 



exp 



(0)/ 



(oo) 



(x,y) = {w-^l(i,x,y)^ ^ 



n-l 
k 



m,n — 1] j 



M/W(x,y)= (u,fj,(i,f,^))"; 
where the diagonal entries of W'^°^^(x^ y) and y) are given by. 



,,{cx.) _ / j < 

1 j = o 







j < 



(1.13) 



^(0) ^ 

1 ■w^^\x,y) 7^ const, j ~0 



Origin of the initial value problem. One immediate consequence of theorem 
1.2 of [3] is the following idcntitj|^ 

{dPd^'^W^°°\x,y)) (W^^\x,y)y' = (aW4^>W(°'(f,y)) (W^°\x,y)y' 

(1.14) 

where, 



and {ik,ji} G N1J{0}. The generating function of the above equation is given 
by the following expressiorj^ 

W'^°^'>{x\y') (H/(°°'(f,^))"' = W^^^x'J) (w'-°\x,y)y' (1.15) 

for general {x, y^}. To see this, consider Taylor expanding the matrices 
W^^^^\x\ if) at the points x' — x and — 



n~m~l oo 



-m— 1 oo / / f I \i, 1 

n E Tf^ ^'''f (ai'>4^>iy'°'(x.y)) (Ty'°'(f.y)) 



Collecting the coe fficien ts of the monomials in {x'j, — XkY''{y[ — yi)-'' , we imme- 
diately obtain eq. 1.14 for all values of {ik,ji}- 

^Eq. 1.2.17 of [3]. 

*We shall see in section 1.4.1 that oq. |l.l5| is actually the bilinear equation of the 2-Toda 
hierarchy. 
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We now express eq. 1.15 in the following equivalent form, 

(w^°'>{x,y')y^W^°°'>{x,y') = (w'-°\x,y)y^ W''°°'> ix,y) 



This equation must hold for all {x, x', y, ?/}, so obviously both sides do not 
depend on the time variables. Thus the above equation implies eq. |1.12[ 



1.2.1 Derivation of the wave- matrices 

We now derive the remaining non zero entries of the hatted wave-matrices. 
Proposition 1. 



det [a,j(f, j7)],^„ 



■u>k {s,x,y) =(-1) 
■wi°\s,x,y) = 
where, 



det[atj(x,y)] i=m,...,s 



where 



< k < s ~ m 
m < s < n — 1 



(1.16) 



det [aij (x, 



where 



J i, J— m, . ..,3—1 



{aij{x,y))l = exp 



: exp 



'^XkA-\^,n-i\ A exp 

.k-1 
n — m — 1 



0<fc<n-s-l 
m < s < n — 1 



X]yfe(A|m,n-l])'' 



A exp 



^ yfe(A^,„^ij) 



Proof. To prove this we begin with eq. |1.12| and rewrite it as, 

W^''\x,y)^W^°^\x,y)Aix,y) (1.17) 

where we remember that M^^°^(x, y) is upper triangular and W^°°\x, y) is lower 
triangular. Therefore, if we consider the zero entries of each individual row on 
the left hand side of eq. |1.17| they can be expressed as. 



[w'^lis), wlr> is)) (a,, [x, y)) ^^.-...^ = (0, . . . , 0) 



(1.18) 



where m < s < n ~ I and Wq°°\s) — 1. 

At the moment the matrix is of size (s — m + 1) x (s — m). It is possible 
to add 1 more column appropriately to make the matrix square, 



w^^l{s),...,w['^\s),l) 



I 



am,3-l 



-1 1 / 



In this form we can use Cramer's rule to find the explicit values of w^°°''(s). For 
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instance, wl°^l^{s) is equal to, 



det 



fls.s-l 1 / 



det 



ffls,s-l 1 / 



det [a,j(f, y)] ,=™+i.. 

L j = m £ 

det [aijix,y)]l'i^ 



where we have expanded the top determinant along the top row, and the bottom 
determinant along the rightmost column. Performing the procedure for general 

'w'j^\s) immediately leads us to the desired result. For w^^\s), we consider the 
non zero entries of each individual row on the left hand side of eq. |1.17[ These 
may be expressed as, 

for m < s < n — I. 

What remains is to simply consider each case separately to obtain, 



s-m det[aij(f,j7)]i^„_ a 

E( — 1) Os-fc s+p ' 
det flj,- a;, y)\ . ■ 

det[aij(x,j7)] = 



-I m, . . . ,s — 1 



□ 



det[ay(f,ir)],j^„ . 

Proposition 2. T/ie entries of the inverse of the 2 hatted wave-matrices, S,y) ) 



(f , y) ) , are given as the following, 



det[aij{x,y)\ i=™,...,s-i 



,*(0)/ , .-.k ' " ' j=,r,,..^,B-k,..^.B , I 0<k<s — m 
I " -1- — I — n 1 i ^ — •■ •■ wtiere 



{s,x,y) = (-1) 



^ *(oo) / -» -*\ 



det [aij {x, 



- , where 



J 2, J — m, . . . ,s 



m < s < n — 1 

0<k<n-s-l 
m < s < n — 1 



(1.19) 



where s now refers to the column of the entry, as opposed to the row. 



Proof. Taking the inverse of eq. |1.17| and rearranging accordingly we 
obtain, 

A{x,y) (W^°\x,y)y' = (vK(°°'(f,y))"' (1.20) 

Where {x, y) ) is upper triangular and (x, y)^ is lower triangu- 

lar. Therefore, in an exactly analogous method to proposition 1, if we consider 
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the zero entries of each individual column on the right hand side of eq. |1.20| 
they may be expressed as, 

.-1 (wSlis)) =(0),_ .-1 

j = m,...,s \ /i — m,...,s j = s 

where m < s < n — 1 and w'^^^^s) = — tqt — ■ 

Similarly to proposition 1, we add a row appropriately to the matrix to make it 
square, 



<^rn,B \ ^ ^»(0) 



\ 



1 / 



1 



which is the correct form to apply Cramer's rule. Thus we obtain, 

^ det [a,j(£,y)] j=„,...,,_i 



= (-1)' 



(-1)* 



det[aij{x,y)] .=™......-i 

j = m,...,s-k,...,E 

det . 



For w'^'"°°\s), we consider the non zero entries of each individual column on the 
right hand side of eq. |1.20[ These may be conveniently expressed as, 

(a,,(f,y))_,...,„-: (wS'hs)) = 

j = m,...,s \ / i — m,...,s \ / i — s,...,n — 1 

for m < s < n — 1. 

Considering each individual entry on the right hand side obtains, 

s — m 

w*'-°°\s) = as+p,s-kwl^°\s) 

fc=0 

det[aij{x,y)] ,=,„,. 



^s-\-p,s — k " 



det [aij{x,y)] i=m....,s-i,s+p 



det [aij{x, if)] 



□ 



1.3 The generalized Lax and Zakharov-Shabat 
systems 

In direct analogue of the construction of the KP hierarchy in terms of 
Zakharov-Shabat and generalized Lax systems introduced in the beginning of 
this chapter, we now detail how the wave-matrices derived in the previous sec- 
tion can be used to construct the necessary operators given in eq. |1.8[ which 
were first used by Ueno and Takasaki to define the 2-Toda hierarchy. 
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Lemma 1. Consider the matrices, 

M = M/(«)(f,y)Af„,_„ (W^(°)(f,y))"' a. = {M*}_ 
i/ien we have the following linearization, 

dy,W^''\x,y) =CfeH/(°'(f,y) - W^''\x,y) (Af^,„_i,)' 

dy,W'-^\x,y)=C,W'-°^\x,y) 
Lax type system, 

d^,L=[Bk,L] d^^M=[Bk,M] 
dy,L=[C,.,L] dy,M=[Ck,M] 

and Zakharov-Shabat type system, 

d^^Bk-da:^B, + [Bk,Bj]=0 

dy^c^-dy,c, + [c,,c,]^o 



-'Vj 



Bk-d,,Cj + [Bk,C,] =0 



Proof. First we note that L and M can be equivalently expressed in terms 
of the hatted wave-matrices, 



L =H/(°°' (x, y)A[m,.-i] y)) ' 



M =H/(°'(^,y)Af™,„_ij (W''-"{S,y) 



since the following commutators, 

n — m— 1 



exp.^ xiA\ 



1 = 1 



A 



I JL — iri — ± - 



[m.n) 



give zero. Also, powers of L and A/ can be conveniently expressed as, 

For the remainder of this section we shall simply label W'^°°\x, y) as and 
W^'^'^{x,y) as W'^'^\ and likewise with their inverses. 



We begin by differentiating eq. 1.12 with respect to Xj, and then multiply- 
ing (14^*^°°)) ^ on the right. 



W 



(oo) 



(0) 



and similarly, differentiating with respect to yj, 



(1.21) 
(1.22) 
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Decomposing W^°°^ and W^^\ and computing the product rule, eq. 1.21 be- 
comes, 



(9.,W^^°°^) +VK'°°M 9.,expi J2 



*-[m,ri — 1] 



W 



(oo) 



>)( 



(1.23) 



and similarly, eq. |1.22| becomes. 



(1.24) 



bmce and are lower diagonal matrices, and WQ°°\s,x,y) 



WQ^°°\s,x,y) ^ 1, this means that d^W''°^^ = \^d^W'-°°^^ 



Hence we have 



that, 



i.e. the diagonal terms have been eliminated by the differential operator. Simi- 
larly, since 1^(0) and are upper diagonal matrices, and since w^q^ (s, x, y) 



,(0) ^ ^ ^ 7^ constant, we have that. 



(s,x,y) 







i.e. the diagonal terms have not been eliminated by the differential operator. 
This implies the following two equalities. 



Considering the {...}+ part of eq. 1.23 allows us to obtain an alternative 
definition of Bj , 



(1.25) 



Similarly, considering the {...}_ part of eq. 1.24 allows us to obtain an alter- 
native definition of C,-, 



{m'}_=c, = (9,,.iy 



(1.26) 
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Linearization equations. We are now in a position to obtain the 4 lineariza- 
tion equations. Beginning with eq. 1.23 and using eq. 1.25 we obtain, 



,(oo) 



[m,n — 1] 



l^{°c) 



[m,n — l] 



Considering the {...}+ part of eq. 1.23 we obtain, 



(0) 



Focusing on eq. 1.24 and in view of eq. 1.26 we obtain, 



and finally considering the {...}_ part of eq. 1.24 we obtain, 



Lax type equations. We now obtain the 4 Lax type equations. For the first 
equation, consider differentiating the initial definition of L with respect to Xj, 



+ H/(°°'Ar™,„_i, 



where. 



(oo) 



(1.27) 



Using the above expression for on dx L we obtain, 

use cq. |1 .23| 

- w^<°°'A[„,„_i] (a.,.H^'°°') 



use cq. |1 .23| 



B, 



The second Lax equation is derived analogously to the first. Consider differen- 
tiating L with respect to yj, 
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where, 



W 



(cx)) 



= 



(oo) 



(oo) 



(1.28) 



Using the above expression in dy^L we obtain, 



dy^L = c,w 

^dy^L=[C,,L] 

For the third equation, consider differentiating AI with respect to x 



J' 



(0)^T 



where. 



= 



(1.29) 



a.., ly 



Using the above expression in dxjM we obtain. 

For the fourth equation, consider differentiating M with respect to yj, 



dy,M 



(0) 



m,n — 1] 



! cq. 



where. 



= 



1 cq. |1.24| 

;H/(°')"c, + (Af„,„_y)^(vK(«')" 
Using the above expression in dy^M we obtain, 

a,^M = c,H/WAf„,„_i, "-VK'°'Af__y (w^^'^y'a 

=>dy^M= [Cj,M] 



(1.30) 
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Zakharov-Shabat type equations. For the first Z-S equation, we consider 
the first hnearization equation and compare cross derivatives with respect to x, 
i.e. = 0, 

^ {d^^d., - 9., 9. J = - d.^B, + [Bk,B,]) W^(°°> 

For the second Z-S equation, we consider the second linearization equation and 
compare cross derivatives with respect to y, i.e. {dy.dy^ — dy^dy.) = 0, 

For the third Z-S equation, we consider cross derivatives with respect to x and 
y acting on W^°-\ {d^.dy, - dy,d^^) W(°^^ = 0, 

Thus concluding this section. □ 

1.4 Tau-function of the 2-Toda hierarchy 

Further words on the KP hierarchy. Continuing with the running example 
of the KP hierarchy, Hirota [57] found a systematic method for deriving the N 
soliton solutions (alternative to the 1ST method) to the integrable equations 
produced by the KP hierarchy, known as Hirota's direct method. The heart 
of the method involves expressing the non linear PDE's in bilinear form and 
employing an exact perturbatiorrl argument. For example, the KP equation in 
bilinear form looks like, 

(4D,,D,3 - Dt^ - 3Dl^) r(f).T(f) = (1.31) 

where u{x) — 2d^_^ logr(af), and the Hirota bilinear differential operators, D^, 
are defined in section 1.4.2. Here the r-function appears as a simple transfor- 
mation of the usual function u, with no indication of the special properties is 
possesses. The first time the notion of the r-function was introduced as an 
object worthy of study was in the work [58]. Here it was expressed a series of 
expectation values in the context of holonomic quantum fields. 



^Exact in the sense that even though perturbation is being used, one still obtains an exact 
analytical result. 
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Studying the KP hierarchy, M. and Y. Sato [59, 60] discovered some beauti- 
ful algebro-geometric properties of the r-function. Namely, through considering 
the infinite dimensional Lie algebra gl{oo), the group orbit of the highest weight 
vector (the r-function) is an infinite dimensional Grassmannian manifold. Fur- 
thermore, the equations which describe this manifold in function space are the 
soliton equations. Even more importantly, (as far as this thesis is concerned), 
was the work [61] where the results Sato were expressed in the form of fermionic 
operators (acting on the Fock space) . Additionally, they discovered all of the 
(infinitely many) non linear PDE's in the KP hierarchy can miraculously be 
expressed as coefficients of the following bilinear equation, 

For general {x,x'}, and where e(A) = ^A, . . . ^ Thus we see that a r- 

function which satisfies one non linear PDE in the hierarchy obviously satisfies 
all equations in the hierarchy. We shall use the results of this line of work ex- 
tensively in chapter 3. 



Continuing with the 2-Toda hierarchy. As shown in eq. |1.8| the 2-Toda 
hierarchy is defined as a series of 4 distinct lax type first order differential equa- 
tions of the matrices L, M, B„ and C„, which themselves are composed of the 
wave-matrices W^°°\ {W''°°^)~^ ,W^°'> and The r-function is a single 

function, T{s,x,y), of the time parameters x and y and a single parameter s, 
which corresponds to the row number of or the column number of 

{W^°°^) , (W^^^) . The derivatives of T{s,x,y) correspond to the entries of 
the wave-matrices and using this fact, we can express the 2-Toda hierarchy in 
a single integral bilinear form. 

We begin with the following fundamental result. 
Lemma 2. For the function, 

r{s,x,y) = det[aij{x,y)]^.^^^^^^_^ (1.33) 
the following four relations hold, 

w'°°> (s, X, y) = ^'^ i-ds)rjs^x, y) ^ „„„ ^^^^ y^r fc G {0, . . . , s - m} (1.34) 
r(s,x,y) 

w'-°\s,x,y) = (''i-9^)'risj-l,x,y) ^ non zero for k e {0, ... ,n - s - 1} (1.35) 
T{s,x,y) 

wl'^°°'>{s,x,y) = (''{ds)T{s + l,x y) ^ non zero for k & {0, ... ,n - s ^ 1} (1.36) 



wr\s,x,y) = , II" , nonzero fork e{0,...,s^rn} (1.37) 



^,.(0)^„ ^ _ Ckidy)T{s,x,y ) 
r(s + l,x,y) 

where. 



ds — {dxi , 2 ) g J ■ ■ ■) ! 9y — (9yj , 2 dy2 , g 9l/3 , . . . ) 
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and the generating function for the Ck{x) 's (referred to as the one row char- 
acter polynomial of order k) is given by, 



z'^Ckix) = exp <^ ^ z^x 



(1.38) 



jl+2j2 + --- + fcjfc=fc 



Proof. Assuming eq. 1.34 is true, then we have the following, 

s — m oo 

r{s,x,y) 



T{s,x,y) 



exp 



T{s,x,y) 



fe=0 

Similarly, equations |1.35p.37| become, 

n— s— 1 
n— s— 1 
s — m 



t(s,x - e(X),y) 
T{s,x,y) 



T(s,x,y) 



r(a+l,x+e(A),y) 
T{s + l,x,y) 



r{s,x,y+e{\)) 
T{s+l,x,y) 



(1.39) 

(1.40) 
(1.41) 
(1.42) 



fc=0 



Hence we shall prove lemma 2 by showing that equations |1 .39| - [l .42| hold 
In the work below we shall require the following relations. 



E 

exp 
exp 



-log (1 - AA[^,„_i]) 



E 



{^J^lm,n-l]Y 



1 - AA 



[m,n — l] 



E 



E ^'^U 



(1.43) 

(1.44) 
(1.45) 



where the summation in eq. 1 1.43 [ obviously truncates dX j = n — m — 1. 



In addition, we require the Cauchy-Binet identity for expanding the deter- 
minant of the product non square matrices. 



/p+q \ P 

det I E 9iihij 



E det(5«j;._det(ft,.Jf_^._ (1.46) 

i,j = m m<l„T,<---<lj,<p+q 
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Let us now consider expanding r(s, x ~ e{X),y) 



=det [aij {x — e(\) ""^^^^ 



=det 



=det 



n — m—1/ ^ I 



exp<; (^^i~jjj^U„.-.,^ . ^ 



^ ^ n — m — l ^ ^ 

n-ll m.n — l\} ( 



n — m — l yi 



s-l 



=det [(1 - AA[„,„_i]) A{x,y)y^ 



=det 



/ 1 -A 



=det 



v 1 -A y 

^ (1 - AA[„,„_i]).^. {ajk{x,y)) 



as,s~i / _ 



J2 det [(1 - AA 



i,k — m 
s-l 



p,l — m. 



s 

^ det [(1 - AA[,„,„_i]) .J det [aij (£, y)] 



It is elementary to show that, 

det [(1 - AA[„,„_i])^J 

hence, making the following change of indices, k s — p, we obtain. 



r{s, X - e(A), y) = ^ (-1)''A^ det [a,,{x, y)] 

F=0 ^ 



which proves eq. 1.39 For eq. 1.40 let us consider expanding r(s+l, x, ?/—e( A)), 



=det[a,j(f,jr-e(A))]"^^.^„^ 

f n — m — l 



=det 



! = 1 



^ f n—m—l 



=det 



=det 



ji — m — 1 yi 

A(f,j?)exp<{ ^ y (aJ 



1^1 



n — m — l ^ 
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=det 



Ojm.n — l 



1 
A 



=det 



V A" 

. . _ _ _ - 771 — 1 

m.n — l] 



jfe. 



E det[a,j,(f,i?)],(^^ 



, det 



, — m—l ^ 
E (^im.n-ll) 



The term, det 



p,k — m 

simply corresponds to 



- p,k—m 



taking out n — s—1 rows, leaving s — m+1 rows for a proper square matrix. How- 
ever, if we take out any of the rows which contain zeros (of which there are s — m 
of), the whole determinant is zero. To see this, notice that all the rows without 
zeros are proportional to each other by varying factors of A, i.e. = X^Ri- 

This means that we have fixed = TO,im+i = m + I, . . . , js^i = s — 1, which 
leads to. 



E] det [uij {x, 



det 



E A' (a 



-[m.n — 1] 



It is elementary to show that 

/n — m — l 



det 



-m — 1 A 
E (^^,n-l]) 

1=0 / ; 



= A*^ 



hence with a change of indices, fc — > s + p, we obtain, 

n — s — 1 

t(s + - e(A)) = E X^ det [at j{x,y)] 



p=0 



which proves eq. |1.40[ 



Proving eq. |1.41| and 1.42| is very similar to proving eq. I1.39| and |1.40| so 

we shall not show full details. Expanding r(s + l,x + e{X), y) 



=det[aij(x + e(A),y)]^^„ 



=det 



=det 



m,ri — 1] 

A{x, y) 



1=0 

n— 1 /n — m — 1 



E ( E ) iO'ji'{x,y)) 

j = m \ 1=0 



E det 

m<j,T^<---<js<n — 1 



E^ A A[„ 



det [aj^g{x,y) 
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Based on the proof for eq. 1.40 we know that = "t-j jm+i = m+l, . . . , js-i = 
s — 1, hence, 



n — m — 1 

E ^'4 



m,n — 1] 



det [aij{x,y)],=n 



We also know that det 



J="i,...,s-i 

ing the following change in indices, p —> k + s, we obtain, 

n — s — l 

T{s + l,x + e{\),y) = A''det[aij(f,j7)]i=„.,^ 
k=o 

which proves eq. |1.41[ 



A'' " , thus mak- 



For eq. 1.42 we expand r(s, x,y + e(-^)) 



=det 



=det 



(l- AA;L,„„i])]'' 

L \ / J m 

s 

m,ri — IJ 



™<J77^<■■■<Js-l<3 



det 



det [oij (a;, y)] i=™,...,s~i det 



j = m,...,p,. 



1 - AA 



[m 



"-ij) , 

/ 1 



Since det 



1 - ^Af„,„_ij 



= (—1)'' ^A'' if we make the change 



of indices, p s — k, we obtain, 

s — m 

r(s,f,?7+e(A)) = ^(-l)*A''det[a,j(f,y)] ,=™ ,-i 

fe=0 j = rr^.....s-k..... 

which proves eq. |1.42[ □ 

1.4.1 Bilinear relation of the 2-Toda hierarchy 



Lemma 3. The function t(s,2?, y) defined in eq. \L33\ satisfies the following 
bilinear relationship, 



d\ y'-s-2 

2Tvi 



exp I 'f\y. - y:)A ^ + ^' ^ ^^^^^ ^ " ^' + ^^^^^ 



dX_ 



A" * exp <^ E ^ ^'^^'^'^ 



T{s,x,y) T(s',x',y') 
T{s,x-e{j^),y)T{s',x' + 



" (s, X, y) 



r{s',x',y') 



(1.47) 



for general s, s' ,x,x' ,y,if . The integration ^ simply refers to the algebraic 
operation of obtaining the coefficient of \. 
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Proof. We shall proceed by showing that both sides of this relationship are 
equivalent to the two sides of another relationship which we know to be true. 
Let us begin by multiplying eq. 1.12 with one set of x and y, on the right by 

(W'^^^x' jif)) , which has a different set of variables x' and if. Doing so, we 
obtain the equation, 

W^(°'(f,y) (W^^^x'^))'' = W'-°°\x,y) (1.48) 

Therefore, in order to prove lemma 3, we shall prove two smaller results, showing 
that the (s, s') entry of the right hand side of eq. 1.48 is equal to the right hand 
side of the bilinear relationship for the same choice of (s, s' + 1), and similarly 
for the left hand sides of both equations. 

Right hand side of bilinear relation. 
Proposition 3. 

dA,_-_, (-^'\ r(s,x-e(j-),y)r(s' + l,x' + e(j-),if) 



X" ' ^ exp <^ {xi- x'i)\'- 



27ri 1 J T{s,x,y) t {s' + 1, x' ,y') 

= (w^^Hs,y){w^'"\x,y')y' 

Proof. We begin by expanding the right hand side of proposition 3, 

W^°°\x,y)(w'-°°\x',y') 



where. 



f n — m — 1 ^ n — m — 1 

I 1^1 J j=0 



Recalling that W'^°°^ {x,y) and (w^°°\x' ,y')j are lower triangular, and 
^ ~ ^')A|^ „_]^] is upper triangular, we obtain, 

= (wl^j{i,x,y)^ (*fc^T'(^.^'.y )) k>i 

j<i - l = s' 

s n — 1 

= 5Z 5Z Ck-jix - x)w[°^^.{s,x,y)wl'f°J{s' ,x ,if) 

j — m k — s' 

Considering the left hand side of the proposition 3, we recall the following 
definitions, 



f n — m—1 oo 
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Using these definitions the integral becomes, 

oc s — rri n — s' — l ^ 
ot=0 0=0 7=0 

s — 711 n — s — 1 
/3=0 7=0 

making the change of indices f3 ~^ s — j and 7 — > A; — s' we obtain exactly the 
right hand side of proposition 3. □ 

Left heind side of bilinear relation. 
Proposition 4. 

T{s + l,x,y-e{{))T{s',x',g + e{j^)) 



T{s,x,y) t{s' + l,x',y') 

^W^°\x,y)(w^°\x',y')y' 
Proof. Expanding the right hand side of proposition 4, 

fw'-°\x,y)(w^°\x',y')y') 

\ / s,s' 



where, 



{n — m — 1 n — m—1 ^ 

E (y - y'l) (yim,n-i]) f = E Cj{y-y)[^fm,n-i]) 
1=1 ) 3=0 



Recalling that W^^\x,y) and \ W^^\x' ,y')j arc upper triangular, and 
YTjZo'~^ Cj{y- y') is lower triangular, we obtain, 

= (wf2iii,x,y)y^^ {Cj-k{y-y))i^^i (w*^^{l,x,y)J 

j>i - l = s' 

Tl — 1 s' 

= E E Cj-k{y-y)wf2,{s,x,y)wl^%{s',x,y) 

j=s k=m 

Moving on to the left hand side of proposition 4, we recall the following defini- 
tions, 

fn — m—l ^ oc 

T(s + l,f,y-e(^)) 1 ,(0) ^ 

r(s,x,y) ^ \^ ^ ' 

^ ' ' fc=0 



T(s' + l,x',j/') ^ A*= 



> — m 

Jk'^k '{s,x,y) 
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Using these definitions the integral becomes 

cxD n — s—ls' — m 

J. 

_ 2-Ki 

i/ = a = 13 = " 

n — s — Is — m 

= X] X] Ca+/3-s'+s(y - '(s,f, y)w)j'°'(s',f',y') 

Making the change of indices, a j — s and (3 —t s' ~ k, we obtain exactly the 
right hand side of proposition 4. □. 

Proof of bilinear identity. Now we know that the right hand sides of both 
propositions 3 and 4 are equal. Simply let s' —^ s' — 1 and we obtain exactly 
the bilinear relation. □ 

Specializing to the mKP and KP hierarchies. Specializing to the case 
y = t/ and s > s', we notice that the right hand side of the bilinear relation 
contains no poles, and hence it reduces to the (s — s')th- modified KP (mKP) 
hierarchy, 

i^A-'expT V"V,-x;)a4 r{s,x--eji),y)r{s',x' + e{i),y) 
2m [ 7^ J '^{s,x,y) T(s',x',y) 

Specializing again to let s ~ s', we obtain the KP hierarchy, 

2« [ ^ J T{s,x,y) T(s,x',y) 

1.4.2 Extracting non linear partial differential equations 
from the bilinear relation 

Hirota's bilinear operator. A necessary definition to proceed in this section 
is Hirota's bilinear differential operator, D, whose operation is defined on the 
product of two functions, f{x) and g{x). The generating function for D is 
defined as, 

f{x + y)g{x -y) = (exp {yd^} f{x)) exp {-yd^} g{x) 

OO j 

= E 7T^^ (/(^)-^?(^)) (1-49) 

= exp{yD4 {f(x).g{x)) , 

where the first few explicit examples are, 

{}{x).g{x)} = {d.f{x)} g{x) - f{x) {d.g{x)} 
Dl {f{x).g{x)} = {dlf{x)} g{x) ~ 2 {d.f{x)} {d.g{x)} + f{x) {dlgix)} 



Obtaining the non linear PDE's. The bilinear relation (eq. [1.47 1 is a 



deceptively elegant expression which contains an infinite amount of non linear 
partial differential equations, all of which the r-function is a solution. To obtain 
these equations, we make the following change of variables, 

a;» ^ - a, , yi^yi-bi , i e {1, . . . ,n - m - 1} (150) 
x'i ^ Xi + Oi , y'i yi + bi 
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where the variables {ai, . . . , a„_m_i} and {&i, . . . , 6„_m-i} are indeterminants 
which serve as expansion parameters. Hence eq. 1.47 becomes, 



2-Ki 



r + 1, X — a,y — b — e 
XT I s' — l,x-\-a,y-\-b + e 



r I s,x — a ~ e 



1 
A 
1 
A 



(1.51) 



Xr^s',f+a + e^-J ,y + b 

Using the definitions given in eq. 1.49| the bihnears in the r-functions of the 
above expression can naturally be re-expressed in terms of Hirota operators. 
Beginning with the left hand side of eq. |1.51| 

T ( s + l,x — a,y — b — e( ^]] T ( s' ~ l,x + a,y + b + e( \ 



n — m— 1 



®^Pl 5Z <^jD='A'^(^' -^'^yy + b + ^(T))r(s + l,x,y-b-e(^ 



®^Pl 5Z ajDx, \cxp^ i^bj + — j Dy^^T{s' -l,x,ij)T{s + l,x,y) 



'^J^Cki^Dy^expl {ajD^^ +bjDy.)\r{s' ~l,x,if)T{s + l,x,y) 



where 



yi 5 o 5 • • • 1 



n — m—1 



Similarly with the right hand side of eq. |1.51| 

1 
A 



r s, X — a — e 



,y-b]T [s ,x + a + t[ - ] ,y + b 



5Z Tfc^'-- (■^^) ®^Pi 5Z {'^3D^^+bjDy.)\T{s',x,y)T{s,x,y) 



where 



' 2 71 — m — 1 



We additionally apply the following exponential expansions, 

f n — m—1 ^ oo 

exp -2 J2 c,A' =E^'0({-2c}) 
I i=l J j=o 

for Cj = {fljj&j}. In performing the above expansions, obtaining the coefficient 
of the first order pole in eq. 1.51 is elementary, and thus the bilinear relation 
becomes, 

OO f Ji — m — 1 ^ 

Y,(k-t{{-2b})Ck(^Dg^expl {ajDx,+bjDy^)[T{t + s,x,y)r{s + l,x,y) 

oo f n — m — 1 ^ 

= I]Cfc+t({-2a})Cfc (£'s)expi ^ {ajDx, + bjDy^) [ r {t + s + 1, x,y) t {s, x,y) 
fe=o I j=l J 



(1.52) 
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where we have assigned t = s' — s — I for convenience. 

Expanding the above expression as a polynomial in the variables {a} and {b}, 
the coefficients of the monomials are the desired non linear PDE's. As an ex- 
ample, consider expanding eq. 1.52| with the specification t = —1. From the 
coefficient of bi we obtain the following differential equation, 

Dy^T{s, X, y) T (s, X, y) + 2r (s + 1, x, y)r{s- 1, x,y) ^0 (1.53) 

which is the 2-Toda molecule equation. This equation is used extensively in 
chapter 4. The 2-Toda molecule equation is related to the lattice equation 
(eq. by the following scale transformation, r(s,a?, y) e'^^^^T{s,x,y). In 
bilinear form we obtain, 

DxiDyi r (s, x,y)T{s,x,y) + 2T{s + l,x,y)T{s-l,x,y) = 2t^ (s, x, y) (1.54) 

1.4.3 Polynomial expressions of the tau-function 



We shall now use eq. |1.46| to express the r-function in a more palatable 
form. Rewriting the following exponentials as, 

I i = l J j=0 

I ! = 1 J ^=0 

The r-function now becomes. 



-fm,n— 1] 



det 



5Z Cj-iix) Y «jfeCfe-i(-y) 



'l^^jm < ■ ■ ■ "Cjs — 1 1 



det ^ *i6t 



Y "-h.kCk-ii-y) 



E 



"<im<--<3a-l<"-l 



where we have taken the transpose of the matrix of the second determinant and 
used the following label. 

Further massaging of the r-function, character polynomials. Letting 
the double summation run from 1, . . . , n — m, rather than from to, . . . , n — 1, an 
immediate simplification of the r-function is given by. 



T{s,x,y) = 



E 



^{j'}{fc'}det [0,-9(^)1 ""i det [Cfe.-,(-y)] ■ ,"1 



1<31 <--<3s-m<n-i^ 
l<ki<--<ks_j^<n-r 



where, 



''^{j'}{k'} — det [aj._|.m-i,fc,+m-i]° 



Massaging this expression further, we begin by making the following change in 
indices, 

jii Ail + fci2 + *2 , {ii, 12} G {1, . . . , s — m} 
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which transforms the r-function to the form, 

^ ^{A}{^}det [Cx,+i-,mt-Z det [C,,+i-,{-y)]t-Z 

0<\i<-<Xg_^<n-s 
0</Lti < ■ - ■ <n — s 

where, 

= det [aAi+i+m-l,Mi+i+m-l]i_;i^ 

The following operations only apply to the two C determinants. Reversing the 
ordering of the rows for both matrices, 

J2 A{X}{n}det [Cxi+(^-m+i)-j-iix)]] .^^_^ 

0<\i<-<\^_^<n-3 
0</»l<---<*<s-mS"-s 

Xdet [C^,+^,_rn+l)-j-i{-y)]lj^,_^ 

and reversing the ordering of the columns, 

J2 A{A}{M}det [CA3-m+i-i+3-i(^)]Ijri det [<:^,_^+^_i+j-i{-y)Yi~Z 

0<Ai<--<Aj,_„<n-s 
0<Ml<-<Ms-m<»>-s 

finally, reversing the order of labelling for Xi/l-ij, 
we obtain, 

Tis,x,y)= ^{A}{M}det [CK+j-i{S)Yr,Z det j-ii-mVjZ 

0<^S-TTI< - <^1<'^-S 

I] ^{A}{M}X{A}(^)X{/.}(-j/) 

{A}{M}C(n-s)(»-'-) 

(1.55) 

where {A} and {/u} are partitions contained within the box of dimensions (n — 
s) and X{A}(^) is the character polynomial given by, 

Xix}{x) = det [CA,+.-i(^)]:,7ri (1-56) 

1.4.4 The restricted tau-function 

Restricting the time variables. In the details above we have assumed 
that all the times variables are algebraically independent of each other. It is 

possible to make a restriction on the times variables so that they lose their inde- 
pendence, but the T-function becomes an element of the symmetric polynomial 
ring, C{[ui, . . . ,Us-m]^'~"' , [vi, ■ ■ ■ ,Vs-m]^'~'"}- It is through this process that 
we are able to match the r-function of the hierarchy to expressions of extreme 
interest in statistical mechanics, which is the main topic of the next two chapters. 

Thus throughout the remainder of this thesis we shall use the following con- 
vention, 

• t{x, y) denotes that the time variables are algebraically independent, and 
t{x, y) is an element of the (non symmetric) polynomial ring 
C[xi, . . . , Xn-m-iiVii ■ ■ ■ 1 Vn-m-i]- We shall refer to the r-function in this 
form as unrestricted. 
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• t{u,v) denotes that the time variables are not algebraically independent, 
and r(u, v) is an element of the (symmetric) polynomial ring 
<C{[ui,. . . , Us_„j]'^''-", [ui, . . . , Vs-m]^ We shall refer to the r- function 
in this form as restricted. 

Miwa transformations and Schur polynomials, creating the restricted 
T-function. Performing the foUowingMiwa change of variables from Toda time 
parameters to symmetric power sumsrl 

Xk = \pkiui, . . . , Us-m) , - Vk = TPk{'"l, ■ • ■ I Vs-m) , k £ {1 , . . . , U - m - 1} 

k K 

the one row character polynomials become complete homogeneous symmetric 
polynomial^ 

Hence the character polynomials in the r-function expression become Schur 
polynomials, 

t{s,u,v)= Y1 ^{A}{M}det[/iA,+j-4M)]'jridet[ft^,+j_i(iT)]^J™ 

0<As_j^<--<Ai<n-s 

0</J,s_j^<- -<^l<Tl-S 

A further simplification. Making the constant matrix A equal to the {n — 
m) X (n — to) identity, we immediately obtain the simplified r-function, 

r{s,x,y)= 3[x}MX{\}{x)XM{-y) 
= X{x){x)x{x}{-y) 

{A}C(n-s)(s-™) 

t{s,u,v)= S{x}{u)S^x}{v) 

{A}C(n-s)( = -™) 

The above expression shall be used extensively in the next chapter. 



1.5 Generating additional symmetric polynomi- 
als 

As a small extension of the above results, we present a method of generating 
additional r-function expressions by introducing a simple scale transformation 
of the time vari ableS 

®We define the symmetric power sums, Pi{u), and the complete homogeneous symmetric 
polynomials, hi{u), in section 1.6. 

''Arguably the best method to see this equivalence is through the generating functions of 
both polynomials. For the complete story see eq. |1.6| and |1.74| 

*This section is similar to the work [62], except we consider a scale transformation of the 
time variables as opposed to a translation. 
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1.5.1 A scale transformation of the time variables 

The scale transformations are introduced into the 2-Toda hierarchy by simply 
multiplying each of the n — m — 1 time variables x^/j/fc, fcg {l,...,n — m— 1}, 

by a general function fl^^^\t), 



We shall now explicitly show that under these transformations the hierarchy is 
still well defined. 



The wave-matrices. Given the constant matrix A = {ai^j)ij=„i,...,n-i S 
GL(n — m), where det [oij]^ ^-^^ 0,m < s < n, the wave-matrices 

t) are defined by the equation, 
W^°\x,y;t) = W^°°\x,y;t)A (1.57) 
where W^°°'>{x,y;t) and W^^\x,y;t) have the specific form, 



(f , y; t) = W^""' {x, y; i) exp 



(oo) , 



(x, y; t) = W^"' (x, y; t) exp 



(0)/ 



n — m — 1 



where y; t) are lower/upper diagonal respectively, and the diagonal 

entries of hatted wave-matrices are given by eq. |1.13[ 

Using the results from propositions 1 and 2, the remaining entries of the hatted 
wave-matrices, and their inverses, are given by eq. |1.16| and |1.19| with the only 
difference being aij{x, y) aij{x, y\ t) where. 



{aij{x,y;t))l^^^ =exp 



m,n — IJ 



A 



X exp 



The corresponding linear problem. The various matrix equations (linear. 
Lax, Zakharov-Shabat) that define this hierarchy are mostly the same except 

for the inclusion of various factors of /f^(t) and f^^\t). 



If we consider the matrices, 

L = H/(°°'(f,y;t)A[„,„_i, (vy<°°'(a-,y;t))"' 

M = W(°'(f,^;t)Af„,„_i] (M/(°>(f,y;t))'' , = [m'] _ 

then using the workings/results from lemma 1 we have the following lineariza- 
tion, 

d.^W''^\x,y-t) = fl^\t) [B,W^^\x,y-t) - #(°°) (f , y; t)A|„_„_y } 
9,^.M/(")(x,y;t) = ff{t) [c,W^''\x,y-t) - W^''\x,y-t) (a^„.„-i])' 



a. . VK'°) (x, y- 1) = /;^' {t)B,W'''> {x, y- 1) 



dyW^°°\x, y; t) = f)y>{t)C,W'^>{x, y; t) 



{y)i 
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Lax type system, 

9. , L = /f ) (t) [Bj , L] , a. . M = ff it) [Bj , M] 
dyj L = (t) [Cj , L] , dy, M = /j^) (t) [Ci , M] 

and Zakharov-Shabat type system, 

/f - ft\t)d^,B, + f^;\t)fi-\t) [B,,Bk] = 

- f'i^\t)d,,Cu + fl^\t)fi^\t) [B,,Ck] = 

r-function of the hierarchy. 
Proposition 5. For the function, 

T{s,x,y;t) = det[aij{x,y;t)Yi~i^ (1.58) 
the following 4 relations hold, 

^ ^ (-^1*"') r{s,x,y;t) 

wi (s, X, y\ t) = — — _ ^ . , non zero for fc € |0, . . . , s — m| 

T(s,x,y;t) 

fo) . Ck(-df/')ris + l,x,y;t) 
w, ' (s, x.y) = — / ^ ^ . , non zero for k € {0, . . . ,n — s — 1} 

r(s,x,y;t) 

^ Cfe ^(s + 1,5, 

Wj^.^ ' {s, x,y) = — ^ — ^ — - — ^ ^ , non zero for k € {0, . . . ,n — s — 1} 

t[s + l,x,y;t) 

.fo) ^ Ck(dl'^''^)T{s,x,y;t) 

■Wi} ' (s, x.y) = — — _ _ . , non zero for fe e {0, . . . , s — m} 

r(s + 1, x, J/; t) 

(1.59) 



where, 



''^'~[fi^it)'^''2fkt)'^''^fkt)'''''- 



9^'"' = I -7^, dy, , 7^ , 7^ d, 



Proof. As in lemma 1, if the above four equations are true then we have 
the following, 

T(. + l,i,,--i<"'(X);l) 



fc=0 

s—m 



(1.60) 
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where, 

_,^(./«) ^ f A A^ 

By using the methods in lemma 1 we obtain, 

r{s, X T e^*"* (A), y; t) = det [(1 - AA[^,„))±M(x, y; t)] ^ 
r(s, f , y =F e-^*"' (A); i) = det \a{x, y; t){l - XKy^^^))"^^ 

L J i.j—m 

which upon expanding in terms of A we obtain the required result. □ 
Bilinear relation of the hierar chy. Using the the results of lemma 3, the 



j = m 
s-1 



function T{s,x,y;t) defined in eq. 1.58 satisfies the following bilinear relation- 
ship. 



^ ^A-' cxp I" ' - -OA j 



T{s,x,y;t) 



T (s'x'y'it) 
^ ^ ' (1.61) 



r(s, x,j7;t) 



m,n) 



T{s',x',y'\t) 

for general s, s', x, x', y, y' , t. 

Polynomial form of the r-function. Expanding the exponentials, 

^ n — m—l ^ n — m — 1 

exp J2 J2 <:,{ft\t)^i,ft\t)^2,...)Ai, 

{ 1 = 1 } 3=0 

n~m — 1 

= E c,({/-'(t)4)A;; 
^[^.-■({/'■■<"4)]::„ 

f' n — m — l . ^ n — m — l 

"p|- E /;•'«)» (aE.„.,) I = E c, (a' 

^[^-"({-/"•<'>»})]:;i 

we obtain the following expression for the r-function, 

r{s,x,y-t)- E ^{A}{M}X{A}({/<^'(i)^})x{M}({-/'"'Wj/}) 

(1.62) 

where, 

^{A}{m} = [aA^,_„ + i_i+,+m-l.M,_„+i_i+! + m-l]^,;^ 

X{A} ({./'^'(t)a;}) =det [Ca,+,-. (A'^>(t)xi,/(-)(t)x2,...)]^""^ 
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Additionally, setting the constant matrix A equal to the (n — m) x (rt — m) 
identity, we immediately obtain the simplified r-function, 

r{s,x,y;t)= ^ X{A} ({/'^' W^}) X{A} ({-/^'(%}) (1.63) 

{A}C{n-s)(=-'") 

1.5.2 Symmetric polynomials with an additional parame- 
ter as (restricted) tau-functions of the hierarchy 

We now present some specific examples of the functions fj^\t) and fj^\t) 
which generate some interesting forms for the restricted r-function. For the 
examples below, we shall perform the usual Miwa transformations, 

Xk jPk{ui, . . . ,Us-m) , -yk-^ \pk{vi,. . . ,Vs-m) 

k k 

and work in the ring of symmetric functions 
C{[ui, . . . ,Us-m;t]^'""- , [wi, . . . ,fs_„i;i]'^=-"}. 

Specifying the scaling factors. For this section we consider the specific 
values oi f'^'''^\t), 

and obtain the following form for the restricted r-function, 

E X{x}(iX-t)pi{n),^^p2{u),..\s{x}{v) (1.64) 

{A}C(n-s)( = -™) 

The function, X{\} ^| Pk{u) |^ , has a nice form given in terms of the t- 

deformed complete symmetric functions]^ which are labeled qj [u; t) . Hence the 
restricted r-function obtains the form, 

Ts ^ E S{y,) [Ux, . . . ,Us-m;t) S{),) {Vl, . . . ,Vs-m) 

{A}C{n-a)( = -"») 

where the function S^x} [u] t) is given as the t-deformed equivalent of the Schur 
polynomial, 

S{x) {ui,. ..,UN;t)= det [(7A,+j-i(M;t)]fj.^i 

Hall-Littlewood polynomials in the n ^ oo limit. We now consider the 
limit n oo, (the infinite lattice with a free end), to obtain, 

T{s,U,V;t)= E S{X} {Ul, . . . ,Ua-m;t) S{X} {Vl, . . . ,Va-m) 

{A}C(oo)( = -™) 

- n ^ 

= E P{x} {Ul, . . . ,Us-m;t)Q{x} {Vl,- ■ ■ ,Vs-m;t) 

{A}C(oo)< = -™) 

where P{>,}(";^) {Q {x} {^l t)) is the celebrated Hall-Littlewood polynomial 
and the second line in the above expression can be found in eq. 3.4.7 of [6]. 



®These symmetric functions officially have no name, at least none offered in [6]. For 
additional details on symmetric polynomials refer to section 1.6. 
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1.6 Symmetric polynomials 

This section acts as a reference/appendix for the remainder of the thesis, 
as many results of the remaining chapters assume intimate knowledge of the 
definitions/results presented in this section^ 




We begin by stating some very general definitions about polynomials. 

Commutative ring. A commutative ring {R, +, .) is a set R with the 2 binary 
operations addition (+) and multiplication (.) defined on R, such that {R,+) 
forms a commutative group. 

Polynomial ring. The set of all polynomials in {ui, . . . , u„} with coefficients 
in a field k (for the remainder of this thesis all fields are C to avoid confusion) 
is denoted by C[mi, . . . , u„]. C[wi, . . . , u„] forms a commutative ring, which we 
call a polynomial ring. A subset of this ring is the symmetric polynomial ring 
which consists of all the polynomials which stay invariant under the action of 
the symmetric group S'„ permuting the variables {ui, . . . ,u„}. We label this 
ring as C[ui, . . . ,Un]^". 

Algebraic independence. Given a finite set of polynomials, F — 
{fi{u), . . . , fN{u)}, in a finite set of variables, {ui, . . . , um }, and every non zero 
polynomial, fl{fi{u), . . . , f]^{u)), constructed entirely from elements of the fi- 
nite set of polynomials F with coefficients in C, the set F is called algebraically 
independent if we have: 



for general polynomial fi. 

We now concern ourselves with the specific symmetric polynomials that are 
used within this thesis. 

Symmetric power sums, Pr(u). Where, 




n{h{u),...jN{u))^o 



N 

Pr{ui, um) = yj q[ , 1 < r < 00 



(1.66) 



and whose generating function, P{z; u), is given by. 



N 



fc=l j=0 



(1.67) 



Elementary symmetric polynomials, er(u). Where, 

er{ui, . . . , itjv) = . . . Uj,, , < r < A'' 

i<ji<---<jr<Jv 

and whose generating function E{z; u) is given by. 



(1.68) 




(1.69) 



The results of this section can be found in chapters I and III of [6]. 
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Complete homogeneous symmetric polynomials, hr(u). Where, 

hr{ui, . . . ,un) = . . .Uj^ , < r < OO (1-70) 

l<31<---<3r<N 

and whose generating function H{z; u) is given by, 



N ^ OO ^ OO 

fc=i j=o Lfe=i 



H{z;u)= I I ^— = y^h,{u)z'=e^p{y^-pkiu)} (1.71) 

Miwa's change of variables and one row character polynomials. Per- 
forming the following change of variables on the power sums, 



Xk ^ ^^uf , k = {1,2, . . .} 



1=1 



the generating function of the complete symmetric polynomials becomes that 
of the one row character polynomials. 



exp I E jrPk (^) I ^ sxp I E ^''a^fe I 



Thus, 

hr{u) Cr{x) 

Newton's identities and implications. It is well knowij"] that when there 
are only finitely many variables, u = {ui, . . . ,un}, the elementary symmet- 
ric polynomials, {ei(u), . . . ,eN{u)}, are algebraically independent, and form a 
complete basis for the ring of symmetric polynomials C[ui, . . . , mat]'^". 

If we consider again the generating function of the symmetric power sums and 
express it as a log derivative, 

JV ^ d ^ 

P{-z; u) = Y,T- log (1 + = ;r n (1 + 



fc=i fc=i 

we obtain a relationship between the generating functions of the symmetric 
power sums and the elementary symmetric polynomials (a similar relationship 
also exists between the symmetric power sums and the completely homogeneous 
symmetric polynomials), 

^ / JV \ d 

P{-z; u) = — \og[l[{l + Ukz) ) = ;^ log iE{z- u)) 

d 
dz 



dz \ . I dz 

-E{z; u) = P(-z; u)E{z; u) 



Collecting powers of z, we obtain N relationships between symmetric power 
sums and the elementary symmetric polynomials called Newton's identities, 

r-l 

rer{u) = '^{-iy~^~''pr-kiu)ek{u) , 1 < r < N 



1 Section 1.2 of [6]. 
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From the above formula it is clear that G C[ei, . . . , e^] and e,. G C[pi, . . . ,Pr]. 
We give the first few examples of both, 

Pi = ei ei = pi 

P2 = ei - 262 62 = I (p? - P2) 

P3 = e? - 36162 + 363 63 = I (p? ~ 3piP2 + 2p3) 

Thus, 

C[6i, . . . ,ejv] = C[pi, . . . ,pn] 

meaning that the power sum symmetric polynomials, {pi, . . . ,pn}, are alge- 
braically independent and form a complete basis for the ring of symmetric 
polynomials C[ui, . . . , uat]'^". A similar such argument will also show that 
{hi, . . . , /ijv} are algebraically independent and form a complete basis for the 
ring of symmetric polynomials C[ui, . . . ,uj^]^" . This leads us to the fundamen- 
tal theorem of symmetric functions. 

Theorem 1. The fundamental theorem, of symmetric polynomials. As- 
sume there exist two polynomial rings C[ui, . . . , u^]^" and C[xi, . . . , xn], both 
rings containing necessarily the same number of finite variables. Then there 
exists an isomorphism between the two polynomial rings, C[ui, . . . , uat]'^" = 
C[a;i, . . . , Xn], with the isomorphism sending Xj ej{ui, . . . , u^), j € 
{!,..., iV}, and vice versa. By the results of Newton's identities, we can also 
map Xj — > pj{ui, . . . ,un) or xj — > hj{ui, . . . ,ui^), j G {!,..., A^}, and the 
isomorphism still holds. 

Schur polynomials, S\^x]{u). For a general partition, {A}, the Schur polyno- 
mial, S'{A}(ui, . . . ,un), is given by the following combinatorial definition, 

S{^}{ui, . . . , Uiv) = ^ . . . itJv" = E ■ ■ ■ "*iv" (1-72) 

where T^^ denotes summation over all ascending or descending semi-standard 
Young tableaux of shape {A} respectively. Alternative determinant definitions 
(which are far more useful for computations) are given by. 



J , r JV-i+A,- 

det \ u- ' 

^{A} {u\,. . . ,Un) = 



JV 



: det [hx^+j-i{ui, . . . ,UM^^^ 



(1.73) 



■ det ^e^>^_^._^{ul, . . . ,Uiv)j 



N 



where the the partition {A'} is the conjugate of the partition {A}. It is a well 
known fact that Schur polynomials of N variables provide a complete basis for 
C[ui,...,un]^^. 

Character polynomials. From definition |1.73| it is elementary to see that 
under the Miwa change of variables the Schur polynomial becomes the charac- 
ter polynomial. 



det [/iA,+j-«(?ii, . . . ,Miv)]f,=i ^ det [CA,+j-i(5)]f 

(1.74) 



AX} 

X{A}(5) 
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Pieri's formula. Given the partition {A}, we have the following formula, 

= Yl (1-75) 

where {/U — A} is a skew diagram and is the set of all horizontal strips of 
length r. 

t-deformed symmetric polynomials. Let us now add an additional pa- 
rameter, t e C, to the usual ring of symmetric polynomials, C[ui, . . . ,un]^^ . 
Notice that t is not on the same footing as {ui, . . . , ujv}- We label this ring as, 

C[ui,...,UN;tf'' 

The necessary definitions for the symmetric polynomials with an extra param- 
eter are given below. 

t-deformed complete symmetric polynomials, q(u;t). Where, 
qo{ui,. . . ,UN;t) = 1 

qr(ui, . . . ,UN;t) = y^ Ui TT — , 1 < r < 00 

i=l l<j<k<N ^ " 

and whose generating function, Q{z\ u; t) = jjji^, is given by. 



Q{z;ui,...,UN;t) = 'Yz^qj{u;t) = exp I ^2:'° ^ pk{u) 

2 



/ 1-/2 



(1.76) 



t-deformed Schur polynomials, S^x} (u; t). Given the partition {A}, we have 
the t-deformed equivalent of the Schur polynomial, 

S{x} (wi, . . . ,ujv;t) = det lqXi+j-i{u;t)]fj^^ (1.77) 

Hall-Littlewood polynomials, P{a} (u; t). Given the partition {A}, the Hall- 
Littlewood polynomials are defined as. 



^{^>'-^^ aeSr, l<i<j<N "-^^ "-^^ 

Q{x} (m; t) 



(1.78) 



where, 



^3 k 

rrij 

bixm = vi,}it)l[l[{i-ty 

j>Ok=l 



for rrii the number of Xj equal to i, i> 0. 



Chapter 2 

Applications of the 2-Toda 

hierarchy 



In this chapter we explore the correspondence between the classical 2-Toda 
hierarchy and the quantum phase model. Sections 2.1.1-2.1.5 form a detailed 
introduction to the model, the algebraic methods used to construct the scalar 
product and some additional necessary combinatorial aspects of the model. In 
section 2.1.6 we detail the aforementioned classical-quantum correspondence and 
explore some technical details regarding the implications of considering a family 
of r-functions with a family of scalar products. In section 2.2 we consider the 
physical interpretation of the Toda wave-functions with respect to the phase 
model and reveal a novel method of analyzing certain classes of correlation 
functions for the model. Section 2.3 is an observation of the correspondence 
between the 2-Toda hierarchy and the scalar product of the Hall-Littlewood 
vertex operators. 

2.1 The phase model 

2.1.1 The q-boson algebra 

In the following we use the notation/results found in [7,8,63,64]. 

Operators, commutation relations and Fock space. The introduction 
of the phase model customarily begins with the g-boson algebra, which is de- 
fined by three independent operators B, B^ and N that satisfy the following 
commutation relations, 

[B, fit] = g2iv ^ ^j^^ B\ = -B , [N, fit] = B^ 

where g e C. The one dimensional Fock space, F, of the g-boson algebra is 
formed from the state where the label n E Z_|_ U {0} is called an occupation 
number. The action of and B on elements of the Fock space are given by, 

bV> = [(n + l),]4|n + l) , B\n) = [n^]^\n-l} 

where. 

The action of operator, TV, on the Fock space is, 

N\n) = n\n) 

The q — > limit. The phase model is constructed from the g — > limit of the 

g-boson algebra. In this limit, B and B^ arc labeled (f) and (f>^ respectively, with 
N remaining unchanged. The equivalent commutation relations become, 

[^,^^]=7T , [N,<j>]=-<l> , [iV,0t] =0t 
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where TT = |0) (0| is the vacuum projector. The Fock states |n) can be constructed 
from the vacuum state |0), or any such state \m), with repeated operation by 
the (j)^ operator, 

( (fy j \m) = \n) for m < n 
The action of the <p operator on the vacuum state annihilates it. 

Note that there is no highest state vector in the Fock space. It is simple to 
verify that 4> and (j)^ can be constructed entirely in terms of Fock states, 

oo oo 

0=^|n)(n+l| ,0+ = ^|n + l>{n| 

n—O n=0 

M+1 dimensions. We extend this bosonic algebra and consider the tensor 
product, 

F = Fo®Fi®---®Fm 
which consists of M + 1 copies of the one dimensional Fock space. With this 
extended Fock space we associate 3(M + 1) independent operators, ^j, and 
Nj, < j < M, where each operator of index j acts on its respective space, 

0j = 7o ® /i ® . . . Ij-i (8) ® Ij+i ® • • • (8) 

and similarly for and Nj, where Ij is the identity operator in ¥j. The 
corresponding commutation relations are given by, 

I4>j,4'l] = T^jSjk , [Nj, 0fc] = -(t>j5jk , [Nj, ct>l] = 4']Sjk (2.1) 

Each operator <pj , and Nj of index j acts on the corresponding indexed Fock 
vectors, 

i<l>jr'~"' \mj)j = \nj)j for < Uj < mj 

[fj) \'mj)j = \nj)j for Uj >mj>Q (2.2) 

Nj\m^)j = mj\m^)^ 

where the operator 0^ annihilates the vacuum state \0)j. The state vectors, 
\np)j, and the corresponding conjugate vectors, {nr\k, are orthonormal, 

{nr\np)k,j = SprSjk (2.3) 

We consider the total state vector |n) being made up of the tensor product of 
the M + 1 indexed Fock vectors, 

M M M M 

\n) = (g) |n,), = H (4)"* (g) |o)^. where Y^Uj = n (2.4) 

j=0 k=0 j=0 j=0 

The sum, J^^q ~ expressed in p{n, M + 1) different ways, where 

p{n, M + 1) is the number of possible partitions of a natural number n, with 
the provision that the length of the partition is never greater than Af + 1. 
For n < M + 1, the p{n,M + 1) can simply be expressed as p(n), where the 
length of the partition is unrestricted. p{n) can be calculated by the MacMahon 
generating function [65], 

n(r^)=i:pw^" 

j=l ^ ^ ' n=0 
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2.1.2 Algebraic Bethe ansatz 

We define the phase model through the following _L-operator matrix, 



Lj{u) 



d.j (u) bj (u) 
Cj(u) dj{u) 





1 




)-{ 


u 


i) 









(2.5) 



where w G C. Naturally associated with Lj{u) is the 4x4 matrix R{v,w), 
v^w G C, given by, 



R{u, v) — 



( f{u,v) 

9{u,v) 



\ 




1 

g{u,v) 




(2.6) 



where f{u, v) = ^^5^ and g{u, v) = :,^2^- 



Intertwining relation and Yang-Baxter equation. L and R satisfy the 
following intertwining relation. 



R{u,v)[Lj{u) Lj(v)] = [Lj{v) ® Lj{u)\R(u,v) 



(2.7) 



where ® is the usual tensor product of matrices. The _R-matrix satisfies the 
Yang-Baxter equation given by. 



{/ (g) i?(w, v)}{R{u, w) (g) /}{/ (g) R{v, w)} 
{R{v, w) (g) /}{/ (g R{u, w)}{R{u, v) (g) 1} 



(2.8) 



where / is the 2x2 identity matrix. 



The monodromy matrix. The monodromy matrix, T(u), for the phase model 
is introduced as the ordered product of all (M + 1) L-matrices, 



T{u) = Lm{u)Lm-i{u) . . . Lo{u) = 



A{u) B{u) 
C(it) D{u) 



As an example, for M — 2 we have. 



T{u) = 



43-02 + 4>1 + 4'2(f>\4>0 + U^(pO 



2^t 

/>2<^0 + U<p2<Pl + ^0100 + 



(2.9) 



(2.10) 



Using induction on the intertwining relation (eq. 2.7 1 the monodromy matrix 

(2.11) 



and the i?-matrix satisfy an equivalent intertwining relationship 
Riu, v) [T{u) (g) T{v)] = [T{v) (g) T{u)]R{u, v) 



which generate sixteen non trivial algebraic relationships. A selection of these 
expressions include, 

C{u)B{v) = g{u,v){A{u)D{v) ~ A{v)D{u)} 

C{u)A(v) = f{v,u)A{v)C{u) + g(u,v)A{u)C{v) 

D{u)B{v) = f{v,u)B{v)D{u) + g{u,v)B{u)D{v) 

[B{u),B{v)] = [C{u),CXv)]=0 

Creation and annihilation operators. In order to view B{u) and C{u) as 
creation and annihilation operators of the phase model respectively, we apply 
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the appropriate commutation relations to the expression, 
exp{riNj}Lj{u) exp {^rja^}, 77 € C, to receive the following useful identity, 

iexp{7,(7V, + i)} <^]exp{r7(iV, + l)} 
(j}, exp {r? (iV, - I) } 7t exp {r? (iV, - |) } 



exp{r7iVj }Lj (u) exp | 2 ''^^ J ''^P [2^^') exp{r;iVj } 

(2.12) 

We can extend the following identity to include all the {M + 1) vector states. 
Considering the expression, exp{777V}r(-u) exp {ijjcr^}, where N — J 2i=o 
which measures the total occupation number of the state. Applying eq. |2.12| for 
individual vector states, we receive a more general identity for all vector states, 

exp{r?AfAf }Lm(m) ■ • ■ exp{rjNo}Lo{u) exp | ^rycr^ 

1 

1 

-r 

the process shown above continues until the exp {5'7C2} term moves to the far 
left of the expression, and thus we receive the identity. 



:exp{r7A'^Af}iM(M) . • .exp{777Vi}Li(7t) exp -j ^rycr^ ^ Lo(u) exp{»7A^o} 
:exp{r7A''M}iM(M) ■ ■ ■ exp{r^N2}L2{u) exp ■! ^rycr^ J- Li{u) exp{r]Ni}Lo{u) exp{77Afo} 



exp{7;A''}r(u) exp | --qa^ j = exp | -rja^ j T{u) exp{77Ai'} 
If we concentrate on the B(u) (top right hand corner) entry of this identity. 



exp |j7 [N- ^jj B{u) = B(u) exp |^ (^^ + g 

taking the limit, 77 ^ 0, we obtain, 

NB{u) = B{u)\^N +1^ (2.13) 

Performing a similar operation on the C{u) (bottom left hand corner) entry of 
the matrix identity we obtain, 

iVC(u) = C(tt)|7V-l| (2.14) 

Thus the operator B(u) is a creation operator of the phase model, where one 
application on a state vector increases the total occupation number by one, 
while C{u) is the opposing annihilation operator of the phase model, where one 
application to a state vector decreases the total occupation number by one. We 
note that C(u) annihilates the total vacuum operator, 

M 

C(u)lO) = C(u)0|O), =0 
j=o 
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Equivalcntly, the roles of B(u) and C(?i) are reversed when apphed to the con- 
jugated vacuum vectors, where B{u) now acts as the annihilation operator and 
annihilates the conjugate vacuum, 

M 

{0\B{u) = 0(O|,B(«) = 

We also notice that the operators A{u) and D{u) have the following identities, 

[Aiu),N] = [Diu),N]=Q (2.15) 
thus, the vacuum vector is the eigenvector of operators A{u) and D{u), 

A(u)\0) = aM(u)\0) , D{u)\0) = dM(w)|0) (2.16) 
where aM{u) = ^^s^ and dM^u) = 

iV-particle state vector of the phase model. We construct the A^-particle 
vector of the phase model, |^'m(wi, • • • ,wjv)), from the vacuum vector by the 
following operation, 

|*m(mi, . . . , un)) = B{ui) . . . B{un)\0) 

where the total occupation number of |^'m(wi, • • • , un)) is A'', 

7V|*m(mi, . . . , Un)) = N\^m{ui, . . . , un)) 

The above expression implies that a suitable alternative form for the A''-particle 
vector is given by the following, 

M M 

\^m{ui,...,un))= Y1 /{«o,...,nM}(w)n (2.17) 

0<no,ni,...,nM<'V k=0 j=0 

"O+ilH hnM=-N 

Alternatively, a more formal statement is obtained by considering the decom- 
position of the tensor product F = Fq • • • Fm as, 

F = F° ® ® • • • ® ® . . . 

where F' denotes the total Fock space whose number of particles is I. Therefore, 
for general I we have the following statement, 

M M 

E n(^l)"0|O)^=^' (2-18) 

0<no,ni nM<l k=0 j=0 

»0+"lH h»M = ' 

W-particle conjugate state vector of the phase model. Similarly, the 
conjugate A^-particle vector, {^Mivi, . . . , Vn)\, has total occupation number N, 

{^m{vi,...,vn)\ = {0\C(vn)...C{vi) 

{*M(fl, . . ■,vn)\N = Af(\E'M(«l, . . ■,vn)\ 

Again, the above expression concerning occupation numbers implies that a suit- 
able alternative form for the conjugate A''-particle vector is the following, 

M M 

{^m{vi,...,Vn)\= 9{no nM}{v)(g){0\jl[{<Pk)"'' (2.19) 

0<no,»il,.. j=0 k=0 
no+ni + -'-+».M=« 
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where, 

fl'{no,...,nM}(^l' ■ • • I'fJv) = /{no,...,nM}(^r , • • • , ""jv ) 

Analogously there exists a decomposition of the conjugate tensor product F* = 
O • • • O F;^ given by, 

F* = (F*)° ® (F*)' ® • • • ® (F*)"^ ® . . . 

where (F*)' denotes the total conjugate Fock space whose number of particles 
is I. Therefore, for general I we have the corresponding conjugate Fock space 
statement, 

M M 

E n ('^*)"' = (^*)' (2.20) 

0<no,ni,...,njv/<i j=0 fc=0 
no + ni-] hTiM— ^ 

2.1.3 The scaleir product 

We now consider the scalar product of the phase model, S{N, M\u, v), 

{¥*f X F^ ^ C 

which is defined as the expectation value of the state vectors, 

S{N,M\u,v) = m{vi, . . . ,vn)\^ m{ui, . . . ,un)) 

= (0|C(vi) . . . C{vn)B{ui) . . . B{un)\Q) 



(2.21) 



It is possible to obtain a closed form expression for ^{N , M\u,v) using the 
algebraic expressions obtained when we considered the intertwining relation 
between R and T. As an example, consider S(l,M|u, w), 

{Q\C{v)B{um 
= g{v,u)mA{v)D{u)\Q) - {Q\A{u)D{v)\Q)} 
= g{v,u){aM{v)dM{u) - aM{u)dM{v)} 

Building up from the N = 1 case, it is possible to obtain the expression for 
general N given as, 

SiN,M\u,v) = l n (;^)(j^)]d^^[Hir.^]i:m=i (2.22) 
where, 



M+N / \ M+N 
Urn \ Vl ^ 



Expanding out the geometric series inside the determinant, we obtain the much 
more useful expression (for the purposes of this work at least). 



V UmVl I ^ 



M+N-1 

Pl )P2 

Pi+P2=M"+iv-i (2.24) 

^ X M+N-1 

llM+N-liUm, Vi ) 



where hj{ui, . . . ,Un) are the complete symmetric polynomials of order j and 

set {ui, . . . , un}- 
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Enumeration of plane partitions. We now introduce a well known ap- 
plication of the scalar product of the phase model, the enumeration of a certain 
class of plane partitions [8]. 

A plane partition, TTj_k, is an r x s array of non negative integers such that, 

7rj,fe > TVj+i^k and nj^k > Tj.fe+i 

where the integers TTi j- are referred to as the parts of the plane partition of 
height TTij", and the total sum of the integers, |7r|, is referred to as the volume, 

r s 

i=i j=i 

If we place a restriction on the maximum height of any integer within the plane 
partition, Tr^ j < t, the plane partition is said to be contained within a box of 
side lengths r x s x t. 

A typical example of a plane partition within a box of 3 x 3 x 4 is given by 
the following 

/ 3 1 1 \ 
tt' = 3 1 1 (2.25) 
V 2 1 1 / 

Graphical representation. The graphical representation of a plane partition 
in a r X s X t box is given by considering rhombus tilings of a (r, s, t) semiregular 
hexagon. The plane partition, tt', is represented by fig. |2.1[ where each repre- 



sentation is constructed entirely from three types of rhombi given in fig. 2.2 




q-enumeration. If we group all plane partitions within a certain r x s x t 
box with the same volume, tt, and give these partitions a weight g''^', then the 
weighted sum of all the plane partitions within an r x s x i box is referred to 
as g-enumeration. The integer coefficient of each g-weight, g'^', tells us how 



^We shall use the following plane partition, tt', as a running example in this section. 
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(a) 



Figure 2.2; The three types of rhombi used to construct plane partitions. 



many plane partitions of volume |7r| exist in that particular r x s x t box. The 
generating function for this enumeration is given by the following, 



plane i=l j = l 



(2.26) 



If we now consider the determinant form of the scalar product of the phase 
model, and substitute in the following values for u and v, 



3-1 

Uj = q ^ ,Vj=q 



we receive, 



§(iV,M|{q}) = (-l)^^ 



J^l<j<fc<JV J 



X det 



i + m-l i+m-1 

O) 2 — (jj 2 

i + m-1 i + m-l ~ 

92 — qi 2 



where w = q^^^ . 

Using the following identity [66], 



det 



l + m-l _ l + m-\ 

tJ 2 — o; 2 

i + m-1 i + m-1 

g 2 — g 2 



= (-1) 



W(W-l) 



l<j<k<N J 



AT 1 l-rti _1 _l 

noj^q 2 — 2 q 



l + m-l _ i + m-1 

(,m = l g 2 -g 2 



we obtain the important result. 



1-q 



S(7V,M|{g}) = g-^ H — 



M+/+m-l 



ryi + m— 1 



l,7n=l 



plane 
part. 



(2.27) 



2.1.4 Additional combinatorial aspects of the phase model 

The next section will enable us to express the state vectors and the scalar prod- 
uct as a weighted sum which counts various objects. This is essential for the 
analysis presented in the next section. 
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/\ /\ \/ \/ 



J 



/\ \|/ 4\ \/ 
abed 
Figure 2.3: Graphical representation of the 4 matrix operators. 



Graphical representation of the scalar product and column strict lat- 
tice paths. It is possible to visualize matrix elements of the operator Ljiu) as 
a vertex with the appropriately attached arrows. 

To the matrix element, aj{u) = we assign the representation a as above. 
Similarly the matrix elements hj (u) , Cj (u) and dj (u) are represented by the ver- 
tices corresponding to 5, c and d respectively. 

Elements of the monodromy matrix, B(u) and C(u), are then expressed as 
the sum over all possible configurations of arrows with corresponding boundary 
conditions on a one dimensional lattice containing AI + 1 vertical sites. The 
boundary conditions are as follows, 

• For B(u) the top most arrow points north and the bottom most arrow 
points south. 

• For C(u) the top most arrow points south and the bottom most arrow 
points north. 

As a concrete example we give the graphical representation of B{u) and C{u) 
for M = 2 (fig. 2.4 1 which were calculated earlier in this section (eq. |2.10[ ), 



Bin) = 



-(f)l + (f)l<f)i(j)l H — (l)\u + (f)\uu 

Li II U 

C{u) = 02-- + + 02</'l0O + "W'/'O 



u u 



In order to visualize the scalar product 'B{N ^ M\u,v), we now consider a two 



/\ /\ /\ 



j = 2 



\/ /\ \/ 



B,(u) = 



/\ /\ \/ \/ 



j = 



\'' \/ X/- 



\/ \/ \/ 



/\ \/ /\ \/ 



' = ' Ciu) = 



i = i 



/\ '-"^ X/ 



/\ /\ /\ /\ 



Figure 2.4: Graphical sum of B{u) and C{u). 
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(-3,0) (-2,0) (-1,0) 



Figure 2.5: Generic lattiee path configuration of M = 4, AT = 3, with both occupation 
numbers a.nd lattice paths given. 



dimensional lattice of {M + 1) x 27V sites. The first N columns of the lattice are 
associated with the operators C{vj) and the remaining N columns with B(uj). 

Occupation number interpretation. Each horizontal edge of the lattice 
is assigned an occupation number indicating the operator (a, 6, c or d) that is 
associated with the vertex immediately to the left of the horizontal edge. Ex- 
plicitly, the b operator increases the occupation number of the horizontal edge 
by one, the c operator decreases the occupation number by one and the a and 
d operators leave the corresponding occupation number unchanged. Graphi- 
cally, the scalar product is then the total sum of allowable configurations of the 
(M + 1) X 2N lattice, with the appropriate boundary conditions, (the first N 
top and bottom boundaries point inwards, the remaining N point outwards, 
and the occupation numbers on the left and right boundaries are zero), taken 
into consideration. 

Lattice path interpretation. More interestingly, these c;onfigurations can be 
represented as A'" non crossing column strict lattice paths on the [M + 1) x 2N 
lattice. The scalar product is then the allowable configurations of paths begin- 
ning from the bottom most first N horizontal edges labelled, (— A^, 0), {—N + 
1, 0), .... (—1, 0), and ending at the top most remaining N horizontal edges la- 
belled, (1, Af), (2, M), . . . , {N, M). Generally, the jth path begins at position 
{—N -h j — 1, 0) and ends its journey at position (j, N). 

The direction of the paths is determined by the orientation of the arrows, with 
paths following the vertical direction of the arrows whilst obeying the rule that 
paths cannot cross and only one path may exist on each vertical lattice edge. 
It is also true that the number of paths sharing a particular horizontal edge is 
equal to the occupation number associated with that horizontal edge. Obvi- 
ously, the length of each path \s N + M units. 

Reading the occupation number of the state vector. It is important 

to note that although each column of vertical edges may contain a different set 
of occupation numbers, the designated occupation number sequence for the par- 
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ticular configuration being described is given by the middle occupation number 
sequence, between column —1 and 1. Hence, for every set of occupation num- 
bers there is generally more than one lattice path configuration. 

As an example, consider a typical lattice path configuration of AI = 4 and 
= 3 shown in fig. |2.5| We notice that for the above configuration the occu- 
pation number sequence is explicitly, 

{no, ni, 77,2, 723, 71,4} = {0,2,0, 1,0} 

Correspondence between lattice path configurations of the scalar prod- 
uct and plane partitions. The jth path of the lattice configuration can be 
thought of as the jth column of the array tt. Consider the array, it', given as an 
example earlier in this section. This array, and the lattice path configuration 
shown in fig. |2.5| are in correspondence with each other. 

The bottom left entry, ttj =2, corresponds to the first horizontal section 
of the first path on the second row, and the remaining entries of the column, 
(vTj I = 3,tt[ = S), correspond to the remaining horizontal sections of the first 
path, on the third row. 

There obviously exists a similar correspondence between the second and third 
lattice paths, and the second and third columns of the array tt' respectively. 
Therefore, enumerating non crossing column strict lattice paths for a particular 
occupation number sequence is equivalent to placing that particular occupation 
number sequence on the diagonal entries of an array and then enumerating all 
the allowable plane partitions. 

Partition representation of the occupation numbers. The occupation 
number sequence, {uq, . . . , um}, is generally not a partition because it may not, 
in all generality, contain a sequence of non-negative integers with weakly de- 
creasing order (as the example above shows) . Nevertheless, there exists a one to 
one correspondence between the occupation number sequence {uq, . . . ,?T.Af} of 
length M +1, (provided J2i=o = ^^'^ some partition {A} — (Ai, . . . , Aat} 
of length N, as detailed below. 

Beginning with the occupation number sequence {uq, . . . ,nM}, we omit any 
rii which are zero, leaving us with a sequence of k non zero numbers. We then 
order the resulting sequence to give, 

{■n-ji , 77j2 , . . . , nj^ } such that ji > ^2 > • ■ ■ > jk 

and '^ifc = Doctoring the original occupation number sequence in this 

way we then set, 

Auii = jl for 1 < 7i;i < Tijj 

Au.2 = j2 for Tlji + 1 < 77)2 < "-j, 

A™^_ = jk for Efj/ "-Ji + l<Wk< E!Li nj, = iV 

From these specifications it is possible to see that the occupation number se- 
quence which corresponds to the partition with the lowest weight, {A}l, is. 



{770, 771, ... , 77m} = {iV, 0, . . . , 0} ^ = {0} 
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and, the highest weight partition, corresponds to the occupation number 

sequence, 

{no,...,nM-i,nM} = {0,...,0,N} ^ {X}h = {M^"} = {Mf 

Additionally we notice that no parts of any constructed partition are greater 
than M, and no partition is of greater length than N. Hence, for all other 
partitions constructed, {A}, we have the following statement, 

{A} C (Mf 

and hence, 

E ^ E (2-28) 

0<Tio,Tii,....nj,f <JV {A}C{M)« 
"0 + "l + --- + "Af=" 

Correspondence between upper half plane partitions and semi-standard 
tableaux of descending order. It is possible to obtain a one to one correspon- 
dence between upper half plane partitions, T^i^\ and semi-standard (column 

strict) tableaux of descending ordeij^ T^'^\ where the shape of the partition, 
{A}, is given by the diagonal entries of the array and the negative subscript 
denotes descending numerical ordering. 

We begin by considering a general upper half plane partition, tt^'*'^, and con- 
struct a partition using the diagonal entries, 

{A} = {tTi,!, 7r2,2, • • ■ , 7I"JV,iv} 

Considering the next upper diagonal entries, TTj.j+i, we construct the skew dia- 
gram, {^i}, 

{Mi} = {""1,1 — ""1,2, ■'I"2,2 — 7r2,3, ■ ■ ■ , ■'I"JV-l,iV-l — TTjV-l.JV, 7rjV,Jv} 

and place the integer 1 in the valid regions of the skew diagrarrj^ We then 
consider the upper diagonal entries of the array, 7rjj-|_2, and construct the skew 
diagram, {^2}, 

{^2} = {tTI.I — TTl.S, 7r2,2 — ""2,4, • • • , 7rjV-2,JV-2 — ""JV,JV-2 , ""JV- 1,JV-1 , ""JV,Jv} 

and place the integer 2 in the valid regions of the skew diagram that have not 
already been occupied by previous steps in this process. This process continues 
until the partition contains the numbers {!,..., A^ — 1}. We then fill the re- 
maining boxes in the partition with the integer N, thereby constructing a valid 
descending semi-standard tableau T^^^ from the upper half plane partition tt^^ . 

As an example, consider the array given in the past examples, 

{^} 




where {A} — {3,1^}. Based on the construction described above, the corre 



sponding tableau, T^^\ is given by fig. 



{A} — (3, 1, 1). In (b) we construct the skew partition {/ii} = (3, 1, 1) — (1, 1, 0) 



2.6 



In (a) we construct the partition 



^Semi-standard tableaux are commonly of ascending numerical order, however, descending 
numerical order is the most convenient convention when we consider skew tableaux. 
^In ascending tableaux, A'^, would be placed instead of 1. 
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and place the integer 1 in the valid regions of {/^i}. The partition (1,1,0) was 
obtained from the first upper diagonal entries of tt^. In (c) we construct the 
skew partition {^2} = (3, 1, 1) — (1,0,0) and place the integer 2 in the vahd re- 
gions of {1J.2} that contain no integers. The partition (1, 0, 0) was obtained from 
the second upper diagonal entries of tt^. In (d) we place the integer 3 in any 
remaining entries of {A} that don't already contain integers, forming the valid 

descending semi-standard tableau t1^^ from the upper diagonal plane partition 

4^>. 







11 


1 1 


//// 


1 1 


3 


I 1 




— \> 

(a) 


m 

1 


— ^ 

(b) 


2 
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^ 

(c) 


2 

1 


(d) 



Figure 2.6: Tableau, T^^^ ^ corresponding to the above upper half array 



Therefore, the process of enumerating upper half plane partitions for some 
fixed diagonal, {A}, is equivalent to enumerating all the allowable descending 

tableaux, , in the shape {A}. 

upper plane rpiA} 

2.1.5 Schur polynomial expansion of the scalar product 

This section is attributed to Tsilevich [9] and details explicitly how the scalar 
product of the phase model can be expanded as a bilinear sum of Schur functions. 

The N particle state vector as the sum of Schur polynomials. Let 

us now return to the A^-particle state vector of the phase model, 

M 

l*M(wi,...,JiJv)) = ^ ./■{no,-..,"M}(")0!'^')' 

0<,.o,-.i.--.'.M<" 1=0 

>^0+"l + ■■■ + "M=" (2.29) 

= E /{A}(^)1A) 

{A}C(M)x(iV) 

We recall that any individual clement of the state vector is an element of the 



decomposed Fock space (eq, [2.18 1 



^\ni)i = |A) G 

(=0 

and can also be defined uniquely by the corresponding partition. Using this 
fact we shall apply a change of basis by realizing the Fock space, F^, in a linear 
vector (sub)space of the symmetric polynomials. 
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Constructing the symmetric polynomial basis. Let us first prepare an 
infinite set of algebraically independent variables z — {zi,Z2, . . . }. Next, con- 
sider tlie infinite dimensional vector space (ring), C[z|'^, of all possible symmetric 
polynomials consisting of variables z. As is already known, one linearly indepen- 
dent basis for this vector space is the set of all Schur polynomials consisting of 
variables z. Obviously, this vector space is too big for our needs as it consists of 
Schur polynomials of every partition, whereas the diagrams we are interested 
in are contained within a finite box. 



Let us now set the variables z such that, 

hM+i{z) = hM+2(z) = ■ ■ ■ = 

and thus, only M of the z's are algebraically independent now. We are assured 
that, 

/ O , h2{z) 7^ , ... , /lAf(5*) /O 

due to the complete homogeneous symmetric polynomials being algebraically 



independent. Thus by eq. 1.73 



S{X} {z) = det [/iAi+j-i(^)]i,j=i,2,... 

careful inspection shows that whenever Ai > M , we have that S^y^ {z) = 0. 
Thus no part in the partition {A} will be greater than M . We shall call this 
restricted vector space CmI^"^ and notice that it still has the properties of a 
polynomial ring. 

Nevertheless, a further restriction is necessary, and we now require Schur poly- 
nomials whose tableau lengths are no greater than i\Q Calling this further 
restricted vector space C]J^[z|'^, we notice that it no longer contains polynomial 
ring structure. It is this polynomial vector space that we shall use for the change 
of basis argument . 

Change of basis. We consider the vector space Fj^, which is a sub linear 
vector space of F^. FjJ^ is spanned by bosonic Fock space elements whose par- 
tition representations are of no greater length than N and no single part is 
greater than M. For c^no....,nM} G C, a general element of Fj^ is given by, 

C{no,...,nM} (8>flo hOi G Fj'f where no + ni H + nu ^ N 

and {A} = {M"^f , • • • , 2"^ l"i , 0""} 

■ealize F]J^ in the alg 
mapping $ E{^}c{m"} S{^,}{z){nl 

$:Fjrf-C,[^1^ (2.30) 
where for any |a) = Ei ^ II^m have. 



It is possible to realize F]J^ in the algebra of symmetric functions by the following 



*(!«))= E E^{^.>%>(^"')(m|a.) 

= E^{^.}'^{^.>(^) 



^Through making this restriction on the vector space we are able to make clear the opera- 
tion of <I>~^ on the entire vector space. This has the advantage of enabling us to consider the 
zero-energy space in the isomorphism, but has the disadvantage that the actual operation, $, 
is different for each value of N . 

^See chapter 14 of [67] for further details. 
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We shall now clear up some ambiguity and show how the linear map $ can be- 
come an isomorphism. The ambiguity arises due to the Schur functions S'{^}(z) 
containing an infinite amount of variables z. Thus the operation, is made 
ambiguous when we try to obtain the occupation number uq of a general vector. 
However, since we know the number of particles of a state vector of Fj^, namely 
N , we can always obtain hq by the simple expression, 

no^N-l{\) (2.32) 

where 1{X) is given as the length of {A}. 

Thus due to elements in F]J^ and CjJ^[z|'^ being linearly independent basis vec- 
tors, an elementary linear space analysis will instantly reveal that is an iso- 
morphism, hence. 

We now consider the action of B{u) on elements in C]J^[z|"^. 

Proposition 6. Let B{u) = u^^^B{u). The operator B{u) acts in Cj^[z|'^ 
as the operator of multiplication by Hm{u^',z), where HM{t',z) — '^^'^Qt-' hj{z) 
is the truncated generating function of the complete homogeneous symmetric 
polynomials. 

Proof. First we note that the truncated generating function is related to 
the usual generating function precisely by the condition given for the realization 
of C^[z]^, 

^)Um+i(?)='ia/+2 (?)=■■ -=0 = HM{t;z) 

Consider now the operator B{u). It is possible to expand the operator as the 
following polynomial in u^, 

M 

B{u) ^^u^'B^'^ 

3=0 

where we now wish to show that the operator B'^^^ acts on C^[z|"^ as the operator 
of multiplication by hj{z). Using the expression, 

2 

Bin) = Yl W)i,.M (^«-H).M,.M-. • ■ • (ioW),„, 

where we use the following labels, 

;^/2,2 = , 2/2,1 = "J^m^ , < m < M 

and defining, 

(j>j = (pj^ , (f>l = (j)] , 1 = (l>° 

we obtain, 

B(™'= <t>M---^o' (2.33) 

EO,.-.,eMe{-l,0,l}t 

So the sum is taken over all eg, ... , ejv/ € Oi !}• Associated with this sum 
are four additional conditions]^ on the e^'s based on the choice of m, 

^It is also possible to generate these conditions quite easily considering the graphical in- 
terpretation of the operator B{u). In fact, this is how the author first understood the fourth 
condition. 
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• £0 ^ -1 

• Let ej+i and ej be two adjacent non zero elements, then ej+iej 7^ 1 V j 



If Cm = • • • = ei+i=0, and e; is non zero, then based on the definition of 
B{u) given above, ci — 1 



• For general m, assume that the number of operators for a general config- 
uration of Bm{u) is I, therefore the number of (f)^ operators must be l+l. 
If the (j>^ vertices are positioned at < ji < js < ■ ■ ■ < j2i+i < M, and the 
(j) vertices are positioned at j2 < Ja < ■ ■ ■ < J2i, with ji < J2 < • • ■ < j2i+i- 
The exponent, 2m ~ M , is given by, 

21+1 

2m - M = (ii) - {jk - jk^i - 1) - {M - j2i+i) 

k=2 

= 2ji - 2j2 + 2j3 2j2i + 2j2i+i - M 





A/ 


M 




m = ^ fcefc 






fe=0 





We now consider the action of 0^ and (pj on general S'{a}(-?)- Based on their 
effect on the Fock space FjJ^ we have, 

<^]S{A}(5') = S[^}{z) where {/x} is the partition {A} witli the 
row of length j inserted appropriately 

iS{fj,}{z) where {/i} is the partition {A} 
with a row of length j deleted 
if {-^l does not contain a row of length j 

If we denote \v'j\ the length of the zth column in partition {v} and ni^u) as the 
number of rows of length i in {v}, then by eq. 1.1.4 in [6] we have, 

Wi\- Wi+i \ = ni{v) 

We now consider the action, B'^"^^ S{\-^{z) = S'{p}(z). 

Denoting \6[\ — \^,[\ — |A^Q by the action of the 4>/4>^ operators on general 
S{x^{z) given above, we have, 

ni{^) = ni{\) + ei 

= i^'d-IX! = |/x',+i|+n,(/i) + |A:+i|+n,(A) 
= l^i+il+ei for l<i<M 

Beginning from i — M we obtain, 

\0'm\ = £Af 

^ Wj\ = Efei, Eft for 1 < j < M 



^At the moment we are not guaranteed that {/x — A} is a skew diagram as \9'^\ could in 
general be negative for some i. Nevertheless, we shall soon show that \d[\ > 0, meaning that 
{m} 3 ^ri<l making {/^ — A} a skew partition. 
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Applying the four conditions on ei. We now consider the four conditions 
on the e^'s given above. By condition 1) we have for some /, em = • • • = e;+i — 
and ci ~ 1. Therefore, 



\^m \ — ■ ■ ■ — \Oi^i\ — 
By condition 3) then we have, 

M 

G{0,1} 

k=j 

Since \9j \ = — |A^|, we note that {fj,} 3 {A} and {/x — A} = {m/-^} is indeed 
a skew partition of no more than one cell in each column. 

Condition 4) is concealed in the expression sum, X]fc=i l^fcli 

revealing to us that the skew partition, {/i/A}, contains no more than m cells 
in the form of vertical strips. If we label the set of all vertical strips of no more 
than length m as H™, we finally obtain. 

The right side of t he ab ove equation is nothing more than the right side of 
Fieri 's formula (eq. 1.751, thus. 

With the details out of the way we now claim the following prize. 
Proposition 7. 

|*A/(?il, . . . ,Mjv)) = ( ^ J S{x}{Ul, ■ ■ -Un)]^) 

\Ui . . . UN I — 



1 



U\ . . . UN 



{A}C(Af)" 

^ S{\}{u\,. . .U%)S{x}{z) 
{A}C(A/)« 



Proof. Using the results from above we have, 
/ JV \ « 

\Y[ ujj B{ui) . . . B(un)\0) = B{ui) . . . B{un)\0) 

= Hm{uI;z) . . . Hm{u%; z)S{^y{z) 



N / oo 

n 



1>M J = i 
{A}C(Af)« 

where we recognize the second last line as the limiting case of equation 1.4.3 
of [6]. 
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The conjugate A^-particle state vector as the sum of Schur polynomi- 
als. Finding the corresponding form for the conjugate state vector is relatively 
simple if one is provided with the two results below. 

Proposition 8. 

B{u) = uA{u)<f)l 
Proof. The proof of the first result is straightforward, 

2 

uA{u)ct>l = . . . (ii {u (Lo(«)),,,i 4} 

jl,-jM=l ^ V ' 

(io("))jj^,2 

= B{u) □ 

Which leads us to the second result, 
Proposition 9. 

C{u) = w-Vo^L(w"') 

Proof. 

, ^ ' i,3M ^ '32,31 ^ 

J1,---,JM=1 

= E (iM(«)),,,„...(LlM),,,,^(LoM),,,, 
jl,---,JM = l 

2 

=> m"Vo^L(w"') = (.Lm{u))^ .^ . . . {Lliu))j^j, {m"Vo (I/o(«))jj,2} 
31>->JM = 1 ^ V ' 

(ioW)ji,i 

= C{u) □ 

Therefore, we immediately obtain, 



With these results wc arc ready to express the conjugate A''-particle state vector 
as the sum of Schur polynomials. 

Proposition 10. 

(*m(vi,...,Vjv)| = (?)l...VAr)^ ^ S{x}{Vi'^,...V^'^){X\ 

{A}C(M)N 

Proof. 



M 



n - ) (^m{vi,...,vn)\ = {0\Civi) . . . C{vn) 

3 = 1^'/ 



{A}C(M)'V 
{A}C(M)" 
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These results allow us to naturally express the scalar product as the bilinear 
sum of Schur polynomials, 

S{N,M\u,v) = (*M(«i,...,-y;v)|*M(wi,...,Miv)) 



JV 



M 



= (nS 1 E 5w(K})%>(K^})(M|A> 



i=i {a}{m}C(m)" (2.34) 



/ JV \ *f 

= J2 S{A}(w?,...,w^)S'{A}(v^^...,^']^^) 



i=l / {A}C(M) 

We now give some additional combinatorial representations for the A^-particle 
state vector which we shall use later on. 

Combinatorial definitions of the A^-particle vector. Let us now return to 
the A''-particle vector of the phase model, 



M 



Using the lattice path representation of the scalar product, we note that for 
each occupation number sequence, {nj^ , rij^ }, we have the following expres- 
sion, 

J («)= J2 uf-'^'uf-'K..uf-'- (2.35) 

allowable paths 
in (M + 1) X N lattice 

where the sum is taken over all allowable paths in the {M + 1) x N lattice under 
the conditions, 

• rijj paths starting at (l,ii) and ending at (1,M), (2, M), . . . , (n^^, M) 

• Uj^ paths starting at (1, ^'2) and ending at {rij^ + 1, M), . . . , {Y^f^i nj, , M) 

• this procedure continues until we have finally rij^. paths starting at (1, jfe) 
and ending at (Efji^ nj, + 1, M), . . . , {N, M) 

The powers tf and tf, 1 < I < N, are equal to the number of d and a vertices 

respectively in the Zth column. 

An alternative form for the above expression when considering upper half plcine 
pcirtitions in an A?^ x A/^ x M box is given as, 

/W E (2.36) 

upper plane 
partitions 

where the sum is taken over all allowable plane partitions in the upper half of 
an N X N array where the diagonal terms are given by the partition representa- 
tion of the corresponding occupation number sequence in descending numerical 
order. Considering the graphical representation of the half plane partition, the 

powers if and lf,l<l<N, are equal to the number of d and a rhombi respec- 
tively in the Zth column of the half hexagon. 

Additionally, since there exists a one to one correspondence between the upper 
plane partition array, t:^\ and particular semi-standard tableau of shape 
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{A}, another valid combinatorial definition for the function f{nj-^,...,nj^}{''^) — 
f{\}{u) is given by: 

r 2ti—M 2*2— M 2tfj—M fn or7\ 

where the summation is over all semi-standard Young tableaux of shape {A} . 

The powers, tj, give the weights of T^'^\ which count the number of times j 
appears in the tableau. Note that these powers have been chosen to match the 
Schur polynomial expression given by eq. |1.72[ 

Combinatorial definitions of the conjugate A^-particle vector. Con- 
sidering the lattice path representation of the scalar product we obtain, 

9in,^....,n,^}{v) ^ E vl'-'^'vf''^' ...V"-'- (2.38) 

allowable paths 
ill (M + 1) X N lattice 

where the sum is taken over all allowable paths in the (M-t- 1) x N lattice under 
the conditions, 

• Tij-^ paths starting at {~N, 0), (— A^— 1, 0), . . . , {—N+rij-^ — 1, 0) and ending 
at (—1, rijj ) 

• Tij^ paths starting at {—N + nj^,0), . . . , (~-/V + X]f=i "ii ~ 1; 0) ending 
at {-l,nj^) 



this procedure continues until we have finally nj^, paths starting at (— iV-|- 
S/=i^ "-ji ; 0)i • ■ • I 0) ™d ending at (—1, rij^.) 

Alternatively, when considering lower half plane partitions in an iV x x M 
box we obtain, 

5{n,^,...,n,j(«)= E vr'Kf-'K..vf-'- (2.39) 

lower piano 

where the sum is taken over all allowable plane partitions in the lower half of an 
N X N array where the diagonal terms are given by the partition representation 
of the corresponding occupation number sequence. 

When we transform from lower plane partition to semi-standard tableau, 

we use the usual convention of ascending numerical ordering. 

As an example, if we consider the array tt given previ ously , the correspond- 



ing ascending semi-standard tableau is given by fig. 2.1 In (a) we con- 
struct the partition {A} = (3,1,1). In (b) we construct the skew partition 
{i^i} = (3, 1, 1) — (3, 1,0) and place the integer 3 in the valid regions of {i^i 
The partition (3, 1, 0) was obtained from the first lower diagonal entries of tt 
In (c) we construct the skew partition {1/2} = (3, 1, 1) — (2, 0, 0) and place the 
integer 2 in the valid regions of {1^2} that contain no integers. The partition 
(2,0,0) was obtained from the second lower diagonal entries of tt'*'. In (d) we 
place the integer 1 in any remaining entries of {A} that don't already contain 

integers, forming the valid ascending semi-standard tableau T^^^ from the lower 

diagonal plane partition Thus, considering the correspondence between 
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1 2 



(a) (b) (c) (d) 

Figure 2.7: Tableau, tV^^ , corresponding to the lower half array ir^^ 



the lower plane partition array, tt^\ semi-standard tableau of shape {A}, an- 
other valid combinatorial definition for the function g{nj^,...,nj^}{^ = 5{A}(^) is 
given by, 



-2ti+M - 



2t2+M 



-2tN+M 



(2.40) 



where the summation is over all semi-standard Young tableaux of shape {A} of 
ascending numerical order. 

2.1.6 Restricting the 2-Toda tau-function to obtain the 
scaleir product 

To begin this section we present the obvious result. 
Proposition 11. The scalar product of the phase model for general N and M 
is, (up to an overall factor of (11^=1 ^ ) )> restricted t -function of the 2- 
Toda hierarchy with ^{A}{/i} = '^{A}{/i}> o,nd s = n — M = m + N, where m and 
n are free parameters. 

Proof. Beginning with the unrestricted r-function, 

T{s = n-M = m + N,x,y)= ^ X{A}(^)X{A}(-j7) 

{A}C(M)«- 

and performing the following change of variables, 

Xk -» ^Pk ■ ■ • , Un) , - J/fc -» ^Pk {vi'^, v]^^) , l<k<N + M- l 
we obtain, 

r{s = n-M = m + N,{u',},{vf})= ^ S^,y {{u'j}) S^.y {{vj'}) 

{A}C(M)N 



J=l 



n^^l S{N,M\u,ij) 



(2.41) 



which is the required result. □ 



The above result only considers one value of s. Let us now consider the family 
of corresponding restricted r-functions for other values of s = m + 1, . . . ,n, 

(s y^n- M). 

Wc begin by clarifying some known facts about the family of unrestricted t- 
functions. 
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• The full family looks like, Ts=„i+i{x,y),Ts^,n+2{x, j7), ■ • ■ , rs=„(f, y). 

• The valid partitions for each s value are {A} C (n — s)*~™. 

• Different values of s do not change the amount of, (two sets of n — m — 1), 
time variables. 

We now compare this to the case of the family of restricted T-functions. 

• The initial r- function, t(s = n — M = m + N, {u^} ^^^s 
of N+M~l time variables, but each set is constructed from N symmetric 
variables. 



• The introduction of the condition s = n — M ~ m, + N means that as s 
changes, so to do M and TV. 

• By considering the change in the dimensions of the partition, we can obtain 
how M and N change with s. 

s^s±l^\^ 7V-.iV±; (2.42) 

• Consequently, although the number of time variables does not change with 
each s value, different values of s do change the amount of symmetric 
variables that the time variables are constructed from. 

An illustrative example. Consider the complete family of unrestricted r- 
functions for n = 5 and m = 1. In this case each r-function contains two sets 
of 3 time variables, {x,y} = {xi, 2:2, 2:3, yi, ?/2, 2/3}, 

Ts^2{x,y)= ^ X{\}{x)x{x}[-y), 

{A}C{3} 

Ts=s{x,V)= ^ X{A}(^)X{A}(-j7), 
{A}C{2,2} 

Ts=A{x,y)= ^ X{A}(^)X{A}(-?7), 
{A}C{1,1,1} 

T-s^h{x,y)= ^ X{A}(5)X{A}(-y) 

Consider now restricting r^^a of the above family. By proposition [TT| we obtain 
the M = N = 2 scalar product. The main question now is, if one r-function 
in a family has been restricted to form a scalar product with a certain M and 
N value, can the remaining T-functions of the family also be restricted to form 
scalar products with valid M and N values? 

Naively performing the corresponding restrictions to the family of r-functions 
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we obtain the following family of scalar products, 
for 1 < fc < 3. 



This example has ilhistratcd an extremely important issue. We remember that 
each T-function contained within a family must contain the same amount of 
time variables. Furthermore, it is a requirement that these time variables be 
the same for each value of ,s, if the r-functions are to obey the bilinear relation, 
which they obviously must, otherwise we are simply wasting our time. If this 
is to be the case for the above example, we have the following set of equations 
that must be satisfied, 

Pk [Wif) = Pk (4')') =---=Pk . . . , 

Pk {{vir') = Pk {{viT\ ht') = ---=Pk . . . , 

A simple check will reveal that only the trivial solution exists, 

(Ml) =K,^) =K,) =^3) 

/ i\—2 f ii \—1 ( iii \— 2 / iv \— 2 
(Vl) =(W^,J =Ki2) =^3) 

and the remaining variables are set to zero. This obviously trivializes the situ- 
ation immensely. Thus, at a first glance, the answer to the question is no, due 
to the fact that the r-functions in the family all need to contain the same time 
variables. 

We now generalize the above example. 

Proposition 12. The system of equations, < I < M — 1, 

H h u%+i = Ml H \- 

wi H h u%+i = iit-\ \- n% 

2(N+M-1) 2(JV+M-1) _ 2(JV+M-1) 2(JV+M-1) 

"1 -r • • • -r "jv_|_j — H-i -r • • • -r fJ-jy 

permits only the trivial solution, i.e. u^. = jip for j G {1, . . . ,N}, and the 
remaining I of the u1 's are equal to zero. 

Proof. The proof of the above result relies on the fundamental theorem of 
symmetric functions. We map each symmetric power sum, pk ({w^}), onto a 
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simpler set of linear polynomials and trivially solve the resulting linear system 
and show that there are only [N + /) points of intersection in the non symmetric 
polynomial ring. 

Considering the first N + I equations. We begin by considering the first 
N + I equations in the system, the remaining equations will follow easily. 

Applying the fundamental theory of symmetric polynomials. We note 
that the left hand side of these polynomial equations exist in the symmet- 
ric polynomial ring C[u1, . . . ,uj^^i]^"+' . Consider now the polynomial ring 
C[si, . . . , SAT+i], and recall that the fundamental theorem of symmetric polyno- 
mials states that there exists an isomorphism between the two polynomial rings, 
C[ui, . . . , = C[si, . . . , sjv+i], with the isomorphism sending 

Pj (ui, . . . , u%^,) Sj, j = {1, . . . ,N + l}. Hence the system of A^ + / equations 
in the isomorphic polynomial ring, C[si, . . . , Sjv+i], has the following form, 

si = ^1 H h Mat 

S2 = Ml H \- l^tr 



2(N+l) , , 2(N+l) 

sn+1 = Ml H 1- Mjv 

In this polynomial ring the system is linear and thus trivially only has one so- 
lution. 



Since the two rings are isomorphic, this means that the system in the ring 
C[ul, . . . , UAr_|_;]'^"+' contains one base solution, and every possible permutation 
of that base solution (since the polynomial ring is symmetric), leading to a total 
of (A^+/)! possible solutions. Since we already trivially know (N+l)! solutions to 
the system, ul^ = for j e {1, . . . , N}, and ul^ = for e {N + 1, N + l}, 
this means only the trivial solution exists for the first A'' -|- I equations. 



Considering the remaining M — I — 1 equations. Since the first N + l 

equations uniquely solved for the A'^ + I independent variables, any remaining 
equations of the system are either solved automatically by the solution given 
by the first N + I equations, or the system has no solution. In this case it is 
easy to note that the remaining M — I — 1 equations are solved by the {N + l)\ 
solutions, thus proving the statement. □ 

We now give the converse result. 

Proposition 13. The system, of N + M — 1 polynomials, 

ul-\ h wir = Ml H 1- ^^N+l 

Wi H h Mat = Ml H 1" Mw+i 



2(Ar+M-l) 2(Ar+M-l) _ 2(JV+M-1) 2(JV+M-1) 

"i "T ■ ' ■ "T "jv — Ml i- • • • i- MAT+j 

permits no solution unless I of the /j.'j 's are exactly zero or I = 0. 

Proof. This proof of this statement is almost automatic, however, we shall 
proceed as before and apply the fundamental theorem of symmetric functions. 
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We begin with the first N equations. 

The first N equations. We notice that the left hand side of the above system 
exists in the ring C[u^, . . . , u^]"^" , whereas the right hand side exists in the ring 
C[^f , . . . , . Using the following isomorphisms, 

C[ul, . . . , u%]^'^ = C[si, . . . , Sjv] 

Pj [ui, ujj) Sj , j £ {1, . . . ,N} 

C[/ii, . . . = C[tl, . . .,tN+l] 

Pj {iil,...,fi%+i) , i e {1,. . . ,N + 1} 

the first N equations become the simple linear system, 

51 = tx 

52 = t2 



Sjv = ijv 

which uniquely fixes the N variables, u'j. To prove the result we need only look 
at one more equation. 

The {N + l)th equation. To express the left hand side of this equation in the 
ring C[si, . . . , s^], we need to construct the (N + l)th symmetric power sum of 
N variables from the previous N symmetric power sums. Some simple examples 
being, 

iV = 1 , P2 {ul) = S? 

N = 2 ,p3 {ui,ul) = ^ (3siS2 - sl) 

N = 3 , P4, {ui,ul,ul) = ^ (^1 ~ 6siS2 + 3s2 + SsiSa) 

Thus the {N + l)th equation looks like, 

/(si, . . . ,sjv) = fjv+i (2 43) 

f{ti, . . . , In) = tN+i 

Since Pn+i ■ • ■ , is algebraically independent of {pi , . . . , pjv}, the above 



expression (eq. 2.431 is a contradiction, thus proving the proposition. □ 



Using the above results the following lemma comes almost automatically. 

Lemma 4. Assume we have a particular family of unrestricted t- functions with 
particular m and n values, 

{T^+i{x,y),Tm+2{x,y), . . .,T„{x,y)} (2.44) 

The process of restricting the entire family so that each r-function corresponds 
to a valid scalar product expression, 

\M = n — m — 1 J \ M = n~ m — 2 



• ! In — m^ 



N — n — m 
M = 



(2.45) 
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where = ^Jl^i ^) ' potentially two (ill) effects. 



• If each of the above scalar product expressions has two sets of N (N is not 
constant for each scalar product) symmetric variables, then the 2 sets of 
n — m — 1 = N + M— I time variables of the restricted t -functions are no 
longer equal, and therefore the bilinear identity is no longer valid. 

• // we enforce that the time variables be equal, then we only have two sets 
of one symmetric variable for each of the scalar product expressions. 

Arguably both scenarios are pointless, so it makes sense to use the results of 
proposition ]!!] and only consider restricting one t -function in any family. 

Proof. Using the results of proposition [TT] on all the unrestricted r-functions 
in eq. |2.44| we instantly arrive to the expression in eq. |2.45[ Additionally, ana- 
lyzing the scalar product expressions as they are (with two sets of N symmetric 



variables), the results of propositions 12 and 13 state that the symmetric power 



sums, and hence the time variables, cannot be equal. Thus the first point in 
this lemma becomes obvious. Furthermore, we obtained from propositions [12] 
and [13] that the only way for the time variables to be equal is if we trivialize the 
power sums as indicated in point two of this lemma. □ 



2.2 Analysis of the Toda wave- vectors 

In this section we shall show that the wave-functions associated with the 
r-functions that are generated by the scalar product give an alternative method 
to calculating a certain class of correlation functions, and thus have a natural 
combinatorial meaning. However, in order to proceed we shall first give the defi- 
nition of an inner product in the ring of symmetric polynomials which naturally 
leads to the necessary definition of skew Schur polynomials. 

Orthogonality. We define the inner product of two symmetric polynomials, 

/2(u)), in the symmetric polynomial ring, C[ui, . . . ,it7v]'^", as the fol- 
lowing quantitjj^ 

{/l(w),/2(w)) ={/l(f),/2(f)) 

= iim/i(a2)/2(f) ^2-^^) 

where Xj = ^pj{u) and dg — [dx^, -^8x2, -^dxa, ■ ■ ■) ■ The Schur polynomials, 
like the other symmetric polynomials (complete, power sum, elementary) men- 
tioned in this work, form a complete basis for the symmetric polynomial ring 
C[ui, . . . ,un]^" . The Schur polynomials are special in this regard however as 
they form an orthonormal basis for the ring, 

{S{x}{u),S{^y{u)) = {X{a}(^),X{m}(^)) =^{a}{m} 

In the following sections we shall call upon an extremely helpful inner product 
identity given as the following 

{X{x}{S),kxkXM{x)) = {dx^X{x}{x),XM{x)) (2.47) 

*See chapter 3 of [68]. 
®See chapter 5 of [68]. 
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Skew Schur polynomial. Given a set of variables {ui, . . . ,un} and three 
partitions {A}, {/i} and {v} such that {/i} C {A}, the skew Schur polynomial 
S{x}/{tj.} (mi , ■ ■ • , un) is defined as, 

{S{\}/{n.}{u),S[^y{u)) = {S{x}{u), S{^y{u)S{^y{u)) (2.48) 

It is possible to expand the product of Schur polynomials, S[fj_j{u)S[^j{u), as a 
linear sum of Schur polynomials, 

S^,y{u)S^^y{u) = Yl 4'^}W}SMi^) (2.49) 
hl=lf l+l" 

where the positive integers c|^|^^,j are known as Littlewood-Richardson coeffi- 
cients and they can be derived combinatoriall}|^ The sum then is over all pos- 
sible partitions which have non zero Littlewood-Richardson coefficients. Putting 
the above expansion into the expression for skew Schur polynomials, one imme- 
diately obtains the expression, 

S{x)/Miu)^ J2 c|^>(^j5{,}(^) (2.50) 

Again, the sum is over all possible partitions which have non zero Littlewood- 
Richardson coefficients. The combinatorial definition of the skew Schur polyno- 
mial is given by, 

S{x}/M{n)= E (2.51) 

where the sum is given over all possible (ascending or descending) semi-standard 
(column strict) skew tableaux of shape {A — /i}, and the tj give the weights of 
the tableau (the amount of times j appears in the skew partition). 

A more convenient expression for the skew Schur polynomials is given by, 

• ■ • > "^n) = det[/iAi-M3+j-i(wi, ■ • ■ , UN)]^,j=i (2.52) 
where we notice explicitly that S'{;j}/{^}(u) = unless {fi} C {A}. 

Performing a Miwa change of variables to the skew Schur polynomial, ipj {u) 
Xk, transforms each complete symmetric polynomial to the corresponding one 
row character polynomial. Hence, we also define the skew character polynomial, 
X{x}/Mixi, . ■ .,xn), as, 

X{a}/{m}(2:i, • • ■,xn) = det[(x.-f,.+j-i{xi, . . .,xn)]^j=i (2.53) 

2.2.1 Examining the first class of wave-function 

We have two classes of wave-function to consider and we shall begin by 
considering the class first, as it requires the least amount of work. Using 
the definitions given in the first section we have, 

E X{x}{x)Cki-d^)x{\}{-y) 

{A}C{n-(s + l))(( = + l)-™) 

-'^'^For further information see section 1.9 of [6]. 
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We now require the following result. 
Proposition 14. 

Cji-dy)xw{-y) = X{x}/0)(-y) (2.54) 
for all partitions {A} such that {j} C {A}. 

Proof. Consider the inner product of Cj(~<9y)X{A}(~2/) with a general char- 
acter polynomial Through the application of eq. 2.47 the polynomial 
of differential operators applied to X{\}{~y) becomes the equivalent polynomial 
of simple variables (as opposed to differential operators) multiplied by X{fj.}i~y)i 

(Cj(-9y)x{A}(-27),X{M}(-y)) = {x{x}{-y),CA~y)xM{-y)) 

The expression Cj{~y) can be written as a character polynomial with a partition 
containing a single entry of j, 

(0(-9y)x{A}(-y),X{M}(-y)) = {x{\}{-y),xo}X{^^}{-y)) 

The final step simply applies the original definition of a skew Schur polynomial 
given earlier, 

{x{\}{-y},X{j}{-y)X{,,}{-y)) = {x{x}/{j}{-y),X{f,}{-y)) 
^ Cj(-%)x{A}("y) = X{\}/{j}i-y) o 

Therefore, with regards to the first class of wave-functions we have the following 
result, 

t{s)w[°\s)= J2 X{x}ix)x{x}/{k}{-y) (2.55) 

{A}C(,i-(s + l))(< = + l'~™' 

Thus the upper triangular wave-matrix, W^^'^{x, y), has entries of the form, 

\ ■' / j,k = m 

/ 1 



, ^■''^ {A}C(n-(j + l))(0 + l)-™) 



The infinite lattice with a free end. An interesting quirk appears in this 
result when we let n oo, which is known as dealing with an infinite lattice 
with a free encp] Taking this limit and then expanding the skew polynomial 
as a linear sum we receive, 

T{s)wf\s)= ^ X{x}{x)x{x}/{k}{-y) 

{A}C(oo)(( = + l)-™) 

E X{A}(^) E <'\v,{.}X{.)(-y) 

{A}C(oo)(( = + l)-™) \{,^}C(oo)(( = + l)-™) / 

E X{^}(-y) E <'i^}{.)X{x}{x) 

{^}C(oo)(( = + l)-'") \{A}C(oo)(< = + l)-'") / 

= X{k}{x) ^ X{,Ai^)x{u}{-y) 

{i/}C{oo)((» + l)-'") 
= X{k}{x)T{s + 1) 



'^See section 5.2 of [3]. 
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In this case we see that the skew character polynomial decouples and we simply 
receive r(s + 1) multiplied by a factor of X{k}{x). This case shall be considered 
as nothing more than an observational quirk, and from now on we shall continue 
in the finite case where the skew in the partition remains. 

Constructing skew A^-particle conjugate state vectors. Consider the 

following conjugate state vector, 

{0\<t>kC{v2) . . . C{vn) = {k\C{v2) . . . C{vm) 

= (^^^Hv2,...,Vn)\ 

where the partition {k}, which consists of one entry, is constructed in the usual 
manner from the occupation numbers. 

We now have the following result regarding the allowable partitions of this 
particular conjugate state vector. 

Proposition 15. 

{^j:^\v2,...,v^)\= i'\]:';\v2,...,v^){x\ 

{A}C{(M)("-l),fc} 
{A}2{fc} 

Proof. Consider the non crossing column strict lattice path interpretation 
of the state vectors. The operator (j)k assures us that the first path in the first 
column makes a directional change from north to east at row k. This has the 
effect that the occupation number sequence will contain at least one entry ni, 
where / > k. Transforming the occupation number sequence to a partition {A}, 
we instantly receive the result, {A} 3 {k}. 

The fact that the first path in the first column turns east at row k also means 
that the highest row that the TVth path can be when it crosses between column 
and N + 1 is k. Thus the highest partition obtainable from lattice paths 
under this restriction are {A} = {(M)(^~^\ /c}. □ 

We now give the following combinatorial definitions of ip^^y\v2, • • . , Ujv)- Con- 
sidering the lattice path interpretation we receive, 

V^f.f {V2,...,Vn)= E ■ ■ • 

allowable paths in 
(M + 1) X JV latticet 

where the lattice paths are under the condition that the first path in the first 
column makes a directional change from north to east at row k, and the powers 
tj and tj give the total amount of d and a vertices in column j respectively. 

Considering the plane partition interpretation we receive, 

lower plane part, 
in iV X JV X M arrayt 

where the lower plane partitions are under the condition that the entry 7rjv,i is 
equal to k, and the powers Ij and 1" give the total amount of d and a rhombi 
in column j respectively. 
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Finally, considering the ascending Young tableaux interpretation, we notice 
that whenever we transform from the lower plane partition to the Young tableau, 
the fact that 7rjv,i = k, means that the weight ti is always equal to k. Since 
the weight ti does not enter the equation, as Vi is not present, we can simply 
consider the skew partition {A — k} to generate the tableaux, leading to, 

/ \M / — 2\*2 / —2\tN 

= {V2...Vn) 2^ {V2 } ■■■ [Vn ) 

= (W2...'yjv) i{A}/{fc}(W2 i-'-j'yjv) 

Therefore, the skew A''-particle conjugate state vector is, 

{^%\v2,...,VN)\=\Vi^i\ E 5•{;,J/^fc}(^;2-^...,«^2)(A| (2.56) 

\j=2 / {X}C{(M)("-l),fe} 

Correlation functions and the wave- vector ats = n — M — l = m + N — 1 
as a weighted sum. Consider then the following correlation function, 

(*M-^(W2, . . . ,ujv)|*m(wi, . . . ,WAr)) 
=(0|<^feC(w2) . . . C(viv)B(wi) . . . B(wjv)|0) 



( v \ 

I T^F^ I E S'{^}(u?,...,M^)S{A}/{fc}(w^"^■■■,w^^)(A|M> 

\llj = l%/ {>,}C{(M)(«-I),fe} 

(pF^I E 'S'{A}(M^,---,Mw)S{A}/{;c}(fi" 

{A}2{fc} 



-2 -2x 



(2.57) 



which calculates all the weighted non crossing column strict lattice paths on an 

(M + 1) X 2iV grid with the first path in the first column turning east at row k. 
Compare it now to any of the wave-functions that we calculated earlier, 

T{s)wf\s)= ^ X{A}(^)X{A}/{fe}(-y) 

{A}C(t.-(» + 1))(( = + 1)-">) 
{A}2{fc} 

and concentrate now on the particular row, s = n — M— \ = m-\-N — \,oi the 
wave-matrix. If we restrict the variables as the following, 

^ \vj {{u])) , - j/fe ^ \vj ({^7'}) , 1 < fc < iV + M - 1 (2.58) 
we immediately obtain, 

T(n-M- 1)«;^°' (n - M - 1) 
= E 'S'{a}(mi, ■ ■ • ,MAf)<S'{A}/{fc}(wr^, • ■ ■ ,t^iv^)- 

{A}C(M)(™) 
{A}2{fc} 

Now consider the limit wi ^ oo. In this limit we obviously obtain, 
'S'{A}/{fe}(wi ^,---,«iv^) 'S'{A}/{fe}(v^^, . . . ,-y^^), 
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however subtle effects also appear in the summation. Recall the combinatorial 
definition of the skew Schur polynomial, 

S{x}/{k}(v2'^,...,V^^)= {^2'^)*" ■ ■ ■ {vn'^Y'^ 

where the sum is given over all possible column strict skew tableaux of shape 
{A — k}, and the tj give the amount of times j appears in the skew partition. 
In the above case, j — {2, . . . , N}, thus the total length of any column in the 
skew partition cannot be greater than iV — 1, otherwise the Young tableau will 
not be column strict. Therefore, when {A} C (M)^^', for all the columns in the 
skew partition {A — fc}, to be no greater than TV — 1 in length we obtain the new 
restricted condition, {A} C {{MY^-'^\k}. 

Thus the wave- vector, given by the s = n — M — 1 = m + N — 1 row of 
the wave-matrix, in the vi ^ 00 limit. 



lim 

VI — >c 



(rin - M - l)wl^\n - M ~ 1))) 

E ■ ■ • ,MAr)5'{A}/{fc}(lJ2'^, ■■■,V] 

:{(A/)("-i),fc} 

/■r-riV \ M 

((*i?'(«2, . . . , ^^)|*m(«i, . . . ,niv))) 



gives exactly (up to a multiplicative factor) all the weighted non crossing col- 
umn strict lattice paths on an (M + 1) x 2N lattice with the first path in the 
first column turning right at row fc, < fc < M. 

Single determinant form for the wave-functions. When initially dis- 
cussing the scalar product, S(Ai", Af |u, w), it was stated that when using the 
method of algebraic Bethe ansatz, we could obtain a single determinant form of 
the scalar product given by, 



^{'N.,M\u,v) = 




X det \hM+N-i(u^,vi)\^^^^^ 

From this expression, it is possible to obtain a single determinant form for the 
wave-functions given abovcr^ 

Polynomial expansion of the scalar product. To achieve this, we first 
examine the operator C(v) briefly. More explicitly, we are interested in the 
parts of C(v) that contain only c^j operators, 

M 

C{v) = v'^'~^^ (pj + terms that contain operators (j)^ (2.59) 



^^Thc details below are given in section VI of [8] to obtain single determinant expressions 
of 1-point correlation functions for the phase model. We expand upon these results in the 
next subsection to obtain single determinant expressions of n-point correlation functions for 
the model. 
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Thus when C{v) acts on the conjugate vacuum, 

M 

(0|C(^;)=i;^^«-^^(0|^, (2.60) 

wc can obtain the scalar product as the following weighted linear sum of corre- 
lation functions. 

§(jV, M\u, v) = (0|C(t;i) . . . C{vn)B{ui) . . . B{un}\0) 

M 

= < y v^''^0\<l>jC{v2) . . . C{vn)B{ui) . . . B(ujv)|0) 

^ (2.61) 

M 

= Vr^''(*M^(W2, . . . , ■yiv)|*M(wi, . . . , Mjv)) 

j=0 

Therefore, if we expand the single matrix form for the scalar product as a poly- 
nomial in Vi, the coefficients will reveal a single matrix form for the correlation 
functions /wave- functions. The remaining part of this section describes the pro- 
cedure to do this. 

Polynomial expansion of the determinant. We begin by relabeling the 
scalar product as, 



S{N,M\u,v)=^} H ^— ^ Uet[7iM+jv-i(«L (2-62) 

(l<j<k<N^j ^fe J 

where, 

n ;;^] (fi f[;;i,Y (2-63) 



l<j<k<N k 



It is apparent that all the uninteresting multiplicative factors have been bun- 
dled into Q,i,^. We will now proceed to eliminate the factor |ni<j</s<jv v'^-v'^ }• 

Consider subtracting the A''th row in the determinant from the jith row, 1 < 
ii < A?' — 1, to obtain, 

/l-M+JV-l('«fc,'y|i) ~ /lM+JV-l(Wfc, V^) 
M+JV-1 

= 2^ -(^iv) j(^fe) 



,M+N-\-p 



M+AT-l 

= {.'"ji-VN) 2^ 2^ Ki) K) (wfc) (2-64) 

Pl=l P2=0 

/ 2 2 \ ( 2 \P1 f 2 \ V2 I 2 \ V3 

Pl.P2iP3 
Pl+P2+P3 = -»^+-'^-2 

12 2\7 /22 2 \ 

= \^3-L -''^n) nM+N-2(Uk,Vjj^,VN) 

We then take out the factor of 11^^=1 (^ji ~ '^n) from the determinant and 
eliminate the corresponding factor on the denominator. Thus the determinant 

expression becomes. 



n 



V — vt 

l<j<k<N-l 3 k 



hM+N-2{ul,Vj ,v'jf) 
ftM+JV-l(Wfc, V%) 



j = l,...,N-l 
k = l N 
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A necessary identity. Briefly notice that the identity in eq. |2.64| can easily 
be generahzed to the following form, 



hp{{v'^},Vj) - hp{{v^},vl) = (d| - vl) hp-i{{v^},v^,vl) 



(2.65) 



where ^ {v^}- We shall use this identity frequently in the work below. 

We now subtract the {N — l)th row in the determinant from the j2th row, 
1 < j2 < — 2, to receive, 

hM+N-2{ul,v]^,V%) — hM+N-2{ul,V%_i,V%) 
= ("J2 ^ ^N-l) hM+N-3iul,Vj^,V%_i,V%) 
tN~2 1 



Eliminating the factor of Y[ 



l<j<k<N-2 i 




accordingly we obtain. 



/lM+]V-3(ui, u|, uir_i, U^) 



hM+N-2{ul,V%_j^,vl,) 
hM+M-l(ul,V%) 



j = l,...,JV-2 
k = l,...,N 



By now the general procedure should be crystal clear. Performing this procedure 
generally an m number of times, l<m<A'^— l,we eliminate the multiplicative 

factor, \ nr 1 ni^^™ -7-2 — ? ^ \, and the determinant reads. 



n 



— vl 

l<j<k<N-m J 



det 



u f 2 2 2 

IT-M+N-im+l) (UkT^j 1 '^JV- 
/lM + JV-m(^ifc,«JV_m, 



mi ■ • • 1 '^NJ 



tM+N-2 



I 2 2 



hM+N-l{Uf.,Vj^) 



j = l N-n 

k = l N 



Performing the final step, m = — 1, we have completely eliminated the multi- 
plicative factor of {n and only the top row has terms contain- 

ing Vl. For convenience we relabel this new determinant as. 



det[Aj,fe]^fc=i = det [/iAf-i+j(u|, «|, . 



2 slN 

,vn) 



j,k = l 



(2.66) 



It is apparent that only the top row of this determinant contains the variable 
vf. Expressing the complete homogeneous symmetric function(s) in the top row 
as a polynomial in vi , 



2 



9=0 



we expand the determinant along the first row to receive, 

(..2\1 I. I. .2 _,2 .,2 



det [A 



det 



EM I 2\1 1 ( 2 2 2 \ 

[Vl) /iA/-q(ttfc,'U2,---,«Jv) 



1 / 2 2 2 2 \ 

hM-l+j(Uk,Vj,Vj + l, . . . ,UivJ 



M 



N 

r=l 9=0 
M ( N 



2\1 u ,22 
nM~q[U,.,V2, 



9=0 
M 



2 2 
U^,V2, 



j:ivirdet[A<^i]f,,^i 

q=0 



j = 2,...,iV 
k = l,...,N 



, vlj)det[Aj.k] j=2.-.,N 

fc=l,...,r,... 



j=2-.-.N 
fc = l,-..,r,.. ., 
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where, 



JV 



r = l 

= det 



A; = l,...,r N 



hM-q{ul,vl, ...,v%) 



I / 2 Z 2 2 \ 

«-M-l+j(Mfe,Wj,Wj + l, • • • ,«jv) 

Putting everything together, we obtain. 



(2.67) 



j=2 N 

k = l,...,N 



S{N, M\u, v) = v',' J2 («r')' f^.Wet[A^.*r"],':.= 

9=0 



(2.68) 



which gives us a single determinant form for the (restricted) wave-functions, 
n*,det[Af^-^']ffc^i = (t;2, . . .,VN)\-^M{ni, . . .,un)) 

T-riV ^ \ 

' I lim r(n - M - l)w^J'\n - M - 1) 



An alternative form. It is possible to undo all the operations that have been 
applied to all the rows of the determinant, save the first row, to obtain the 



alternative form to eq. 2.68 



iiN, M\u, v) = J2 («r')' f^.Wet[A(f^')]j:, 

9=0 



(2.69) 



where. 



det [A 



{M-9),]V 
j,k Sj,k- 



._i — det 



I. / 2 2 2 \ 

hq(Uk,V2,. . . ,fjv) 



j=2,...,N 
k = l N 



n „2 _ „2 n n „2 _ „2 n n n „„ 



2<j<k<N J ''■I I l<j<fc<JV 3 I \m = l i = 2 



(2.70) 



2.2.2 Examining the second class of wave-function 

We conclude this section by considering the w'--°°') wave-functions. Using the 
definitions given previously we have, 

J2 X{x}i-y)Cki-ds)x{x}{x) 

{A}C(n-3)( = -™) 

Proposition 16. 

0(-9s)X{A}(5) = (-l)'X{A}/{i.}(^) (2-71) 
for all partitions {A} such that {A} 3 {!■'}• 
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Proof. 



(2.72) 



= (X{a}(^),G(-^)X{m}(^)) 
= {X{A} [x), X{j}(~x)xM {x)) 

where {j} is the partition with the single non zero entry j. 

In order to proceed we now give the following result, 
Proposition 17. 

X{A}(^) = dei[CA,+j~i(5)]5=i 

where {A } is the conjugate of the partition {A}. 

Proof. We recall that under the Miwa transformation the Schur polynomi- 
als, S[\j{u), became the character polynomials, X{\}{^)7 

det[/iA.+j-i(?i)l5=i det[CA.+j-i(:?)]5=i 

Consider performing the Miwa transformation on the elementary symmetric 
polynomial definition of the Schur polynomial given by the last line in eq. |1.73[ 

S{x}{u) = det[e^/^^_.(u)]5^i 

Performing the Miwa transformation we receive, 

jv r oo jv 

^i^e,(u) ^ exp E(-*)'(-^^) = E*'(-1)'0(-^) 
j=o li=i J j=o 

and. 

Continuation of prop. 16. Thus with this little result we now consider the 
expression (-l)'=X{/c}(-^), 

i-^)\{k}i-x) = det 

= det [(si^^+S2j+-'+Skj+j-iix)] 
= Xiikyix) 

hence, 



{X{a}(5),X{j}(-^)X{m}(^)) = h'^y {X{\}{x),X{iJ){x)X{^}{x)) 

= (-i)^(x{A}/{in(^)'X{M}(^)) 

^ Cji-d3)X{x}{x) = (-irX{A}/{i.}(^) ° 
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Therefore, with regards to the second class of wave- functions we have the fol- 
lowing result, 

T{s)wlr\s) = i-l)" J2 X{xmi^]{x)xwi-y), (2.73) 

{A}C(n-s)(s-"») 

and remembering that the wave-matrix W^°°^ {x, y) is lower triangular, we ob- 
tain, 

\ / j,k=7n 

/ \ Tl—1 

E X{x}/{u-''}{x)x{\}i-y) I 



The infinite lattice with a free end (again). Analyzing the second class of 
wave-function in the n — > oo limit we receive, 

= X{x}/{i''}{x)x{\}{-y) 

{A}C(oo)(<'-'") 



E X{x}{-y) Yl 

{A}C(oo)('*-'") \{..}C(cx,)('-'") / 

E X{.}ix)i ''\il}{.}X{x}i-y)\ 

{..}C(oo)(=-'") \{A}C(oo)(<'-'") / 



= X{i''}{-y) Y X{u}{x)x{u}{-y) 

{i^}C(oo)(«-">) 

= X{ifc}(-i/)T(s) 
^ w^°°'(s) = X{ik}i-y) 

Again, we see that the skew character polynomial decouples and we simply 
receive r(s), which is eliminated by the same factor on the denominator, mul- 
tiplied by a factor given by X{i'=}(~y)- As before, this case shall be classed as 
uninteresting, (maybe even more so than the first case), and from now on we 
shall continue in the finite case where the skew in the partition remains in the 
wave-functions, and proceed to uncover their combinatorial meaning. 

Constructing A^-particle state vectors. Consider the following state vector, 

B{ur)...B{uN-k) (<j>iy \0) = B{m) . . . B{uN-k)\l'') 

where the partition {l''} is constructed in the usual manner from the occupation 
numbers. 

We now have the following result regarding the allowable partitions of this 
particular state vector. 

Proposition 18. 

\^^P{ui,...,UN-k)}= Y Vf^f '(wi,---,Wiv-fc)|A) (2.74) 

{Ji}C{(M)(''-'=),l''} 
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Proof. Consider again the non crossing column strict lattice path interpre- 
tation of the state vectors. The operator(s) (jA^ assure us that the last k 

paths, labelled jq, N — k + 1 < q < N, make directional changes from east to 
north at row 1, column q. Thus the largest occupation number sequence can 
be, 

{no,ni,...,nM} = {0,k,0,...,0,N-k}^ {A} C {{mY^-''\i''} 

Also, since columns {N — k + 1, . . . , N} only contain one (j)^ operator each, this 

means that only columns {1, . . . , TV — /c} can contain paths in the zeroth row. 
The fact that the paths are column strict means that the lowest occupation 
number sequence is, 

{no,ni,...,nM} = {N - k,k, 0, ... ,0,0} ^ {A} D {l''} □ 

We now give the following combinatorial definitions of W^xy . . . ,UN-k)- 

Considering the lattice path interpretation we obtain, 

allowable paths in 
(M + 1) X N latticet 

where the lattice paths are under the condition that the last k paths, labelled 
jq, N — k + I < q < N, make directional changes from east to north at row 
1, column q, and only columns {1, . . . , N — k} can contain paths in the zeroth 
row. The powers tj and tj give the total amount of d and a vertices in column 
j respectively. 



Considering the plcine peirtition interpretation we obtain, 

i>\)l}{ui,...,UN-k)= 2^ Wl ---WAr 

upper plane part. 
in N X N X M arrayt 



where the upper plane partitions are under the condition that the top-right 
most k X k entries are equal to one. This obviously places restrictions on the 
remaining entries, as per the conditions of a plane partition. For example, the 
remaining ( A'^ — k)x {N — k) bottom-right entries can only either be zero or one 
accordingly, 

TTl,! . . . 7ri,JV-fc 1 ... ... 1 \ 

T^N-k,N-k 1 • • • ■ ■ ■ 1 

1 1 

1 1 

TTfc+l.fc+l ■ ■ ■ 7rfc+l,JV 

The powers Ij and 1" give the total amount of d and a rhombi in column j 
respectively. 

Finally, considering the descending Young tableaux interpretation, we no- 
tice that whenever we transform from the upper plane partition to the Young 
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tableau, the weights t^^k+i = • • • = = 1 and their position in the tableau 
is exactly {t^v = T'l i^, ^w-i = T^'^^ , . . . , = i^}- Since these weights 

do not enter the equation, due to uj^^k^i, . . . , un not being present, we can 
simply consider the skew partition {A — l''} to generate the tableaujipl Thus 
we obtain, 

;{2,l'")/ \ 2ti-M 2tjv_fc-M 

(^l'---''"JV-fc)= 2^ ^^1 •••"iV-fc 

1 \ 



Ml . . . UN-k 



T 

M 



Y: {uT -..{ul. (2.75) 



— ( ) S'{A}/{ifc}(^*li • • • )W|r_fc) 

meaning the A^-particle state vector is given by the following, 

\^lf\ui,...,UN-k)} 



JV-fe 



M 



Yl ^] E s^^y^^^kyiul,...,u%_k)\x) 

J = l ^/ {A}C{(M)("-'=),lfc} 
{A}3{lfc} 

Correlation functions and the wave-vector at s = n M = m + Nasa 
weighted sum. Consider then the correlation function, 

I {^M{vi,...,VN)\'^iP{ui,...,UN-k)) 



nN-k 

nJV 



{0|C(i;i) . . . C{vN)B{ur) . . . B{uN-k) [<t>\) " !0) 



E 'S'{;^}/{ifc}(«f, . . . ,?i^_fe)S{^}(Ui ^ . . . ,Wjv^)(^ilA) 



(2.77) 



{A}C{(Al)(W-'=) ,1*:} 
{fj}C(M)(™) 



= E S^^j/^ifc} («?,..., lt?^_fe)S{A}(t^i^,...,l^jV^) 

{A}C{(M)("-'') ,1*} 
{A}2{1'=} 

which calculates all the weighted non crossing column strict lattice paths on an 
(M + 1) X 2N grid with the final k paths, labelled jq, N-k + \<q<N, 
turning north at row 1, column N — k + l<q<N. Additionally, only columns 
1 < q < N — k can contain paths in the zeroth row. Compare the above result 
now with any of the wave-functions that we calculated earlier. 



T{s)u'i°°\s) ^ i-l)'" J2 X{A}/{lfc}(^)X{A}(-y) 

{A}C(,x-s)( = -™) 
{A}2{1'=} 

and concentrate on the particular row, s — n — M = m + N , of the wave- matrix. 



^''Incidentally, it is at this point the reason we considered the tableaux in descending order 
becomes apparent. Had we considered ascending order we would need to invert the numbers 
to obtain the required results. 
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2 

1 1 • 



restricting the variables as before (eq. 2.581, to obtain, 
T(n - M)w[^\n - M) 

= (-1)* E S^^y^iiky{ul,...,U%)S{x}{v 

{A}C(M)(") 
{A}2{1'=} 

Now consider the hmit UN-k+i = ■ ■ ■ = un = 0, 

lim 'S'{A}/{1'=} (''^li • ■ ■ I l^iv) = 'S'{A}/{1'=}('^15 • ■ • 1 ^N-k)- 

N -k + l<j<N 

Unsurprisingly however we again witness subtle effects in the summation. Re- 
calling the combinatorial definition of the skew Schur polynomial, 

e c 2 2 \ t 2\*1 / 2 \*JV-fc 

•3{A}/{lfc}(Wl> • • ■ i"]V-fcJ = 2^ [Ulj ...[Uff_k) 



where the sum is given over all possible descending column strict skew tableaux 
of shape {A — l'^}, and the tj give the amount of times j appears in the skew 
partition. In the above case, j — {1, . . . , — A;}, thus the total length of any 
column in the skew partition cannot be greater than N — k, otherwise the Young 
tableau will not be column strict. Therefore, when {A} C [M)^^\ for all the 
columns in the skew partition {A — l'^}, to be no greater than — fc in length 
we obtain the new r estricted condition, {A} C {(M)(^-'=), 1*^}. 

Thus the wave-vector, given by the s — n — M — m + N row of the wave- 
matrix, in the ujv-fc+i ~ ■ ■ ■ ~ un ~ limit, 

lim 



N-k + l<j<N 



(r{n - M)wi°°\n - M))'^ ^ ^ 

V M 

("l)*" E S'{;,}/{ifc}(M?, . . . ,u?^_fe)S{A}(«^^ • • • (2.78) 

{A}C{(Af)(™-''),l'»} 

nN-k \ A-f 

[{■^m{vi,...,Vn)\^1, >{ui,...,UN-k))] 

11^=1 J ^ 

gives exactly (up to a multiplicative factor) all the weighted non crossing column 
strict lattice paths on an (M -I- 1) x 2N with the final k paths, 1 < A: < A^, la- 
belled jq, N — k + 1 < q < N, turning north at row 1, column TV— fc+1 < q < N 
and only the first N — k columns can contain paths in the zeroth row. 

Single determinant form for the wave- functions. 

Comment. For both classes of wave- function all the results up to this point 
have been a mirror image of each other up to a slight variation. In the following 
result however, the mirroring ceases. Obtaining the single determinant form for 
the second class of wave-functions is a long process that displays a surprising 
asymmetry with the first class of wave-functions. 



Polynomial expansion (in Un) of the scalar product. We begin by exam- 
ining the operator B(u), as we are interested in the parts of B{u) that contain 
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only (^t and operators, 



r M M-2 •\ 

B[u) = n-^ \Y.u'^4>] + u'^'<t>l't>^<t>U 

U=0 j=0 ) 



(2.79) 

+ terms that contain operators (t>j , j £ {2, . . . , iV} 
Thus when B{u) acts on the vacuum, 

M 

B(w)|0) = u'<l>]\Q) (2.80) 

3 = 

we can obtain the scalar product as the following weighted linear sum of corre- 
lation functions, 

S(iV, M\u, v) = (0|C(t;i) . . . C{vn)B{ui) . . . B(m^)|0) 

M 

= w]^*" Y <*m(vi, . . . , vjv)|*ll^(wi, . . . , WjV-l)) 

3=0 

M 

= Wiv*^X^M?;/SM({i}) 

3=0 

where we have defined. 



(2.81) 



Sm({j}) = (*M(t;i, . . . , t;iv)|*l^^(Mi, . . . , «iv-i)) (2.82) 
for notational convenience. 

Our ultimate goal is to find the single determinant expression of, 
§j^({l'=})=Sj^({l,...,l}) 



(2.83) 



(*A/(7;i, . . . ,'(;aO|*m'°^(ui, . • ■,UN-k)) 



which shall be achieved through many steps. Nevertheless, we begin this pro- 
cess by explicitly finding the required expression for small fc, and then using 
induction to fill in the gaps. 

Deriving the coefficient, §5^({q}), < q < M. Expanding the scalar prod- 
uct as a series in involves exactly the same procedure as expanding it as a 
series in v\. We begin by relabeling the scalar product as, 

1 I T-r 1 I J ^ n, / 2 2M 



^{N,M\u,v) = n^K^ < n -77^ — 772 \ det [/iM+Ar-i(4, v|)] 
"jv [i<j<fc<A, "3 - % J 

where, 

^us = \ n ^^Ifnn— ) ,^<s<n (2.84) 

In the corresponding section for the first wave-functions, we used a series of 
row operations to eliminate the factor of ni<j<fe<Ar (^j ~ ^fe) denom- 
inator. Using the corresponding column operations to eliminate the factor of 
ni<j<fe<Ar ('"j ~ ^fc) ill the denominator of the above expression we obtain, 

B>{N,M\u,v) = fiajv^det [hM+N-k{uu . . . ,ul,v^j)\^^^^^^ 
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and expressing the entries of the final column as a polynomial in u^, 

JVI 

. / 2 2 2\ 2q, / 2 2 2n 

hM{Ui, . . . ,Un,Vj) = ^ ^U^ hM-q[Ui, . . . ,UN_i,Vj), 



q=0 



we receive, 

SM({g}) = f^ujvdet [/iA/+]v-fc({u^}fc,w|), ^M-9({^i^}jv-i,f|)] j=i....,]v (2.85) 

fc = l,...,JV-l ^ ' 

where {u'^jk = {uj, u^}. 

Polynomial expansion (in un-i) of §J^({1}). We now build upon eq. 
|2.85| and consider the quantity, 

M M-2 

B{uM-i)<Pl\0) = n^*^, ^^?^_i0+,^l|O) + n-(_1+^' ^ nj^_,4<p]\0} (2.86) 

j=0 j=2 



Hence, 



Sm({1}) = u-/^, ^N-i^M{{j, 1}) + u-^iT'' E -?^-iSm({0, j}) 

= {Sm({0, 1}) + U%^L,SZ{{M, 1})} (2.87) 

E K^({j' 1}) +Sa/({o„7 + 1})] 



+ 

where we recognize that, 

sZ{{m,n})=sZ{{n,m}) (2.88) 
Thus, if we expand S]^({1}) as a series in wtv-i, the coefficient of u^^^^"^ is, 

§J'K{1,1})+Sm({0,2}) 



At this point we run into a potential problem. In order to obtain §]J^({1, 1}) 



Sff({l2}), we need to first find Sj^f({0,2}). 

Deriving §J^({0,2}) from the polynomial expansion of Sj^({0}). Luckily, 
this can be achieved by expanding §jy^({0}) as a series in uat-i, 

M 

Sm({0}) = u~/l, E ^"N^i^Uij, 0}) 
i=o 



Substituting (7 = into eq. 2.85 we have, 

^m({0}) = — IT—^det f/iM+jv-fe({M^}fe,u?),/iA/({ii^}jv-i,'i'?)] 3=1... ..jv . 

Uf^_l fe=i «-l 

where fiu^ = ^m^^ ■ We now rewrite the entries of the A^th column, multiplied 
by u%_^, w^„ift.M({"^}jv-i,«|), as, 

A/+1 

q = l 
M+1 

= E u'^N-lhM+l-q{{u^}N-2,v]) - hM+l{{u'^}N-2,v]) 
<j=0 

=/iM+l({u^}jV-l,w|) — hM+l{{u^}N-2,V^), 
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^m({0}) = — ^^^p^det [cjk,hM+i{{u^}N-i,v'^) - /im+i({w^}jv-2, 3=1,.. .,n 



to obtain, 

W^^l ^ ' - ' k=l,...,N-l 

where, 

Cjk = hM+N-ki{u^}k,V^). 

Subtracting column N — 1 from column N we receive, 

Sm({0}) = ^l^det [cjfc,/iM+i({M^}jv-2,v|)] j=i N . 

'==1 «-l 

In the above form of Sj^({0}), only cohimn TV — 1 is a function of uj^_i- Ex- 
panding the (N — l)th column as a polynomial in un-i, we obtain. 



AT M+1 
r=l q = l) 

X det [cjfc, /iM+i({'U^}jv-2, ii?)! 3=i,...,f,...,N 

fe=l,...,iV-2 

M+1 



= — mJ|_i dot [Cjfe, ftM+l-(j({M^}Ar-2, t^l), /IM+i({m^}jV-2, j=i jv 

^ /s = l AT- 

9=0 

M 

= y^M^_^det [Cjfc,/lM+l({M^}Ar-2,v|),/lM-q({M^}Ar-2,v|)] 



^1 w 

fc = l N-2 

where the q = case on the second last line is eliminated due to column N — 1 
and A'' being equal. 

Thus we obtain the result, 

SM({g, 0}) = Oa„_idet [cj^k,hM+l{{u'^}N-2,vh,hM-q{{u^}N-2,Vj)] j=l,...,N 

ls = l,...,-lV-2 

(2.89) 

which means we now have the necessary results to obtain Sj^({l^}). 

Deriving §J^({1^}) from the polynomial expeinsion of §5^({1}). We now 
consider §j^({l}), 

Sm({1}) = "m~^ '^^^ [cjk,hM-l{{u'^}N-l,v])] j = l, 

Uj^_l k = l,-..,N-l 

Labelling the individual columns of the matrix as Cj, 1 < j < N, we consider 
the quantity, u%_-^Cn — Cjv-i, 

U%_ihM-l{{u^}N-l,Vj) — hM+l{{u'^}N-l,Vj) 
M-l M+1 
= '^^N-l^M-l-q{{u^}N-2,v]) - ^ M^_^/lM+l-q({w^}Ar-2, f|) 

q=0 q=0 

1 

= - ^ U^N_lhM+l-q{{u^}N-2, w|) 
q=0 
1 

q=0 
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where we label the symmetric polynomials as, 

g'!^''^ = hM-^{{u^}a,vl) (2.90) 
for notational convenience. Thus continuing with the expansion we obtain, 



^M{{i-}) M+4 



det 



A/+1 1 



91=0 



92=0 



j = l,...,N 
fc = l,...,N"-2 



91=2 92=0 fc = l,...,JV-2 

where we are interested in the indices (<?i, 52) — {r, 1), and (r + l, 0), 2 < r < M, 



SM({r- - 1, 1}) + SZ{{r,0}) = det \c,,, g^-''' , q^_\^''] 

, J , r N-2,i iV-2,jl 1 

+det lcjfe,£>_i -^f)^ ■'I 

fc = l,...,iV-2 / 



fc = l,...,JV-2 



Since we already have the explicit form of §]J^({r, 0}), given in eq. 2.89 this 



leaves us with the result, 

'^ri{r - 1, 1}) = nfl„_idet ^Cjk, Qq'^'^ Qr-i'^] 



(2.91) 



fc = l,...,iV-2 



Towards the general result. We now have enough knowledge to conclude 
this section with an inductive proof of the following result. 

Proposition 19. 



§M({r-i, . . . , r-p}) = det [cj,fe, g^/i'^p, ti^_j^2-p> ■ ■ ■ , Qr^ *''^] 



where, 



k = l,...,N-p 

(2.92) 



ri £ {0, 1, . . . , M} , ra G {0, 1} , . . . , G {0, 1} 

n > r2 > • ■ • > rp , 1 < p < iV 



Proof. We have shown that the above statement is true for p — 1,2. Let 
us assume that the general case is true up to p, and show that the p + 1 case 
follows naturally from this assumption. 

Polynomial expansion (in p) of Sj^dlP""", 0""}). Using the expansion 

of B{un-p) we obtain the expression, §]^({P^'', C}), < r < p — 1, as the 
usual weighted sum, 

M 

i=o 

M 

+ V-P 2^«iV-pSM({j,l*^ ,0+}) 



j=2 



. -M 



{§^r/({l^~^o'■+^}) + u%^i,sU{M, 1"-', 01)} 
E ^N-p K({i, F-^o'■})+§^S(b• + l,l''-'-^o^+l)] 



j=i 



(2.93) 
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Additionally for §^^({0^}), {r — p), we have, 

M 

SZim) = «;^-pE"?^-p^«({J'0'» (2.94) 

In order to verify the proposed result we need to derive (using the polynomial 
expansion method) the explicit forms for the following expressions, 

• ^MdijO^}); this is the most elementary calculation. 

• S]^^({F-'',0'^+i}) and §]^^({M, F"'', 0''}), the coefficients of and 



u 



. . p 

M 



N-p m eq. 



2.93 



• §M({ j, 1P~^ 0''}) andSj^^({j+l,lP-'-\0''+i}), the coefficients of 
in eq. |2.93| This case will obviously involve a seperating argument. 

Deriving §J^({q, 0^}), < q < M, from the polynomial expansion of 



SmIIO""})- The assumed form (eq. 2.921 of §^^({0^}) is explicitly given as. 



(InPW — ^"w-P r fe,i N-p,j N-p.j N-p,j N-p.j] 

U AT ^ -I 7_ T ' 



^N~p k=l,.-.,N~p-l 

Using the following symmetric polynomial identity, for Q^^^'^ , ~p < s < 0, 

M+s 



Qs ^'^ = E Un -phM+s-q{{u} N ^p^l.v']) 



(2.95) 



9=0 

^ » 2 N-p,j _ N-p-l,j 

we apply the following column operations (in order), 

Cn-p —>■ Cn-p — U%_pCn-p+1 
Cjv_i Cjv-i — u%_pCn 

to obtain, 

^JV-p fe=l,...',JV-p-l 

Realizing that the final column solely contains terms of m^ ^, we expand along 
this column to obtain, 

~ ,,M /_^Un-p^^^ \8k-N' Q-p ,,---,Q-i ,Qq jv 

"•N—p q_g fc = l,...,JV-p-l 

(2.96) 

and comparing eq. |2.96| with |2.94| we have, 

SmUiJ, U J-J - iZii„_paet I ,Qq I 

fc = l,...',7V-p-l 

(2.97) 

With this prepatory case completed, we now move on to expand the more gen- 
eral expression, Sj^df, 0^"''}). 
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Deriving §5^({1P-'', C+i}) and S5^({M, IP"'', 0''}) from the polynomial 



expansion of §j;i({l'-, QP-"-}). The assumed form (eq. |2.92| of §];^({r , 0^^''}) 
is explicitly given as, 

Sm({1'\0''-'-}) 



-det 



k,j N-p,j N-p,j N-p,j N-p,j 

ffc_JV) f _p ) • ■ • 1 fr-p I fr-p+2 ■ • • ) f 1 



r+1 



fe = l,...,JV-p-l 



Applying the column operations (in order), 



Cn-p 



Cn-p — Uff_pCN-p+l 



Cn — p+v—I 
Cn-p+t+I 



On — p+v—I — — pC N —p+r 



Cjv- 



Cjv_i — it^_pC]v 



in conjunction with the symmetric polynomials identities in eq. |2.95| we obtain, 

SM({l^o''-'■}) 

(2.98) 



"N-p 



^det 



j = l N 

[^''I'J „N-p-l,j N-p,j N-p-l,j JV-pj] fci=l,-..,w-p-l 

yUki-N' tf-k2 ifr-p > f-fea >t'l \ k2=p p-r + 1 



k3=p-r-l,...,0 



where fc2 and are in descending order. 



Realizing that only columns N — p + r and N contain the variable we 
now proceed to suppress all columns except N — p + r and N from eq. |2.98| for 
notational convenience, 



[oil- 



-^otl^'^l'J „N~p~l,j N-p,j N-p-l,j iV-p,i] '=1=1 



i=l,...,iv 

N-p-1 

=P, - ■ ■ :P~r + l 
k^=p-r-l , . . . ,0 



Expanding the entries of column N — p + r, 

M+p — r 

N-p,j _ 2q iV-p-lj 

t^T — p ^ /l^ "jV-pfi — p+g 
9=0 



(2.99) 



(2.100) 



we notice that at index q = 2, 3, . . . ,p — r, eq. |2.100| is proportional to column 
N— p + r+ \,N— p + r + 2, ...,N — 1 respectively, thus we can delete these 
indices from the sum. 



Additionally, for the indices, q — p — r + l,...,M + p — r, we have. 



M+p — r 



E 2q N~p~l,3 _ 2(p-r+\) N-p,j 
"■N-pUr-p+q — "jV-p fl 



q—p — r~{-l 



which is proportional to column N. Taking advantage of the above results, the 
entries of column N ~ p + r can be reduced to. 



9=0 
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without affecting the value of the determinant. 

Thus expanding Sj^df, 0''^''}) as a polynomial in u^_p we obtain, 



Ai — i i 



91=0 <J2=0 



9=1 



-M + 2q 
'■N-p 



{det [p,ftl7-^-,ef+7-^'^' 



(2.101) 



Comparing eq. 2.101 with eq. 2.93 we instantly obtain the sought after expres- 
sions, 



(2.102) 



Disentangling the remainder by considering the overlap of terms. Ad- 
ditionally from comparing eq. |2.101| with eq. |2.93| we obtain the entangled 
expressions. 



S^,{{q, 0"}) + SZ{{q + 1, l''-'-\ C+l}) 

= {det [P, e^7-^^ f?f+7"'''] + det [P, e:!_7+7•^ Q^-"-'-'] } 

for 1 < g < Af - 1, < r < p - 1. 



(2.103) 



In order to disentangle this expression, we consider strategic r values where 
one term in eq. |2.103| is already known from a previous result. To begin, con- 
sider r = p-l, l<g<M-l, 



§;/({?, 1,0^-^) +§«({? + 1,0^}) 

use cq. |2.97| 

{det [p, g'lr-'-^g^-r'''] + dot [p, gr'''^' ^r"-'-'] } ^'-'"'^ 



' t'l+9 



The above result allows us to similarly consider r=p-2, 

SZ{{q, 1^0"-'}) + SZi{q + 1, 1, 0''-^}) 



use cq. |2.1Q4|fo r 1 < q < M - 2 
use eg. I^.l^^j for q = M ~ 1 

^ {det [p, e^,--^-, ,f7/-^-] + det [p, ^'9^-''-^■^] } 



(2.105) 



Thus applying the above algorithm a general number of times we are able to 
fully disentangle eq. |2.103| for general r and q, 

r,0''-'-}) = n^,_^det [P, e^-"-''', g^+r'-'] (2.106) 
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JV-p-l J 

;^ = 1 iV-p-1 



(2.107) 



Thus putting everything together, we receive, 

SM({n,...,rp+i}) 

n- det\c^ o'^-"-'^-' o^-''-'^'' 

r-1 G {0, 1, . . . , M} , ra G {0, 1} , . . . , r^+i G {0, 1} 
n > r2 > ■ • ■ > rp+i , 1 < p < iV - 1 

which completes our inductive proof. □ 

Final result for the second class of wave-function. Thus, letting ri = 
• • • = Tp = 1 in eq. 2.92| we obtain the single determinant form for the second 
class of wave-function, 

= {*m(«i,"2, . . . ,^;iv)|*ir*(^i, . . ..UN-,)) 

o J i r k,j N-p.i N—p,j N 



T-riV \ 

N-p+l<r<N = l ""J 



j = l,...,N 

k=i.....N~p (2.108) 



lim I r{n-M)wi°°Hn-M) 



for 1 < _p < TV. 



2.3 Hall-Littlewod plane partitions 

Unlike the previous 2 sections of this chapter, this section functions more as 
an observation of the correspondence of the results obtained in [11] and the scale 
transformed 2-Toda hierarchy shown in section 1.5 of this thesis. Due to the 
limited nature of the results obtained, we leave most definitions of this section 
to a minimum. 



2.3.1 Charged t-fermions 

For a more complete introduction to charged t-fermions, see [69,70]. A com- 
prehensive introduction to t = free fermions and their associated Fock space 
is given in section 3.2 of this thesis and the references contained therein. 

t-anti commutation relations. The following model is defined by the non 
commutative operators ipi and ip*, i,j G Z, whose anti commutation relations 
are given by, 

{V'm,'0n}+ = tl/'m+lV'n-l "f + 

{V'm, = t^m-lV'n + l + ^^n-l^m + l (2.109) 

771—1 mn 

where t G C. 

t-Heisenberg generators. Additionally, we define the t-Heisenberg gener- 
ators, m e Z\{0}, 

T^EjezV'jV'i+m rn>l 



^'"-1 } rn<-l ^^.110) 
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whose commutation relation is given by, 

t- vertex operators. Lastly we define the vertex operators, T±{u,t), as ex- 
ponentials of weighted sums of the t-Heisenberg generators. 



r+(«,t) =exp|- ^—^^Hii>\ 

m=l J 

r_ {u, t) = exp I - f; l^^'-i/il I 

L m=l ) 



(2.111) 



2.3.2 Vertex operator expectation value 

In [71], Okounkov et. al. observed that {t = 0) vertex operator expecta- 
tion values taken at special limits of the Uj's and v/s generate random plane 
partitions. This process was generalized in [72] for neutral free fermions, and 
in the corresponding special limits of the m^'s and Wj's diagonally strict plane 
partitions were generated. For general u and v values, it is known [73] that 
the expectation value, given as the bilinear sum of Q-Schur polynomials, is a 
(restricted) r-function of the BKP hierarchy with two sets of time variables. 

We now give the results of [11] and show that the expectation value for general 
<: is a T-function of the hierarchy detailed in section 1.5. 

Sn{ui, . . .,un,vi, ...,VN;t) = {0\T+{uJ,^ ,t) . . . r+(«^\t)r_(vi,t) . . . r_(vjv,t)|0) 

(2.112) 

is given explicitly as, 

SN{u,v;t) = Yl \ 

^■'==1 (2.113) 
= ^ P{x}{ui,...,UN;t)Q{x}{vi,---,VN;t) 

{A}C(oo)("-) 

where P^xj {u;t) — f^Q{x} {u;t), is the Hall-Littlewood polynomial of par- 
tition {A}. 

The expectation value as a restricted, scale transformed, 2-Toda r- 
function. We now consider the unrestricted, scale transformed, T-function 

constructed in section 1.5, 

r(s = N + m,u,v;t) = Sjv(mi, . . . , mjv, f i, • • • , «jv; i) 

= XI P{x}{ui,...,UN;t)Q{x}ivi,...,VN;t) (2-114) 

{A}C(oo)(W) 

we obtain the observation that the restricted r-function is equal to the finite 
scalar product of the t-vertex operators. 



1 — tUjVk 



Chapter 3 

The six vertex model and 

KP 



3.1 Domain wall partition function (DWPF) 

In this chapter w(^ introduce^ the woU studied six vertex model. This model 
is statistical in nature, and as such, most of the interesting quantities consist 
of weighted sums of all allowable configurations. Within the framework of this 
chapter, we are interested in two main quantities, the domain wall partition func- 
tion (DWPF) and the associated scalar product. The main aim of this chapter 
is to show that both quantities can be fermionized in a specific form [17,18] that 
automatically means that these quantities are KP r-functions with restricted 
time variables. 

We begin this section with a detailed introduction to the statistics of the six 
vertex model under domain wall boundary conditions (DWBC's). The litera- 
ture on the following model, for both periodic and DW boundary conditions, 
is immense and we offer chap. 8 of [39] and sections VI- VII of [28] as typical 
examples for the model under respective boundary conditions. 

3.1.1 Overview of the model 

The N X N lattice and rapidity flows. Consider a square lattice with 
N horizontal lines (rows) and N vertical lines (columns) that intersect at iV^ 
points (vertices). To each row we associate a horizontal rapidity flow, .s^ € C, 
1 < j < iV, which is oriented from left to right. Similarly to each column we 
associate a vertical rapidity, tj e C, 1 < j < iV, which is oriented from bottom 
to top. 

-\ \ \ 





t f 
h In 

Figure 3.1: The N x N lattice with horizontal and vertical rapidity flows. 
State variables and vertex weights. With each of the N'^ vertices are 
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associated four state variables, represented as arrows pointing in or out of the 
intersection. This obviously leads to 2'* — 16 distinct configurations for each 
vertex. We now impose that only those vertices with two arrows pointing in and 
two arrows pointing out are allowed, thus restricting the amount of allowable 



configurations to six. These allowable configurations are shown in fig. 3.2 



COj CO3 CO4 (O5 03^ 



Figure 3.2: The six allowable vertex configurations. 



With each allowable vertex is an associated Boltzmann weight, specified by the 
difference of the the horizontal and vertical rapidities, Si — tj, 1 < i,j < N, and 
a global crossing parameter, A G C, 



Xis,t)l:i 


= iL:i{s 


~t) = 


sinh (A(- 


-s + t + l)) 




= tLl2{s 


-t) = 


sinh (A(- 


-s + t + l)) 


Xis,t)ll 


= ^^ais 


~t) = 


sinh (A(- 


-s + t)) 


Xis,t)l'', 


= LJ4,{s 


-i) = 


sinh (A(- 


-s + t)) 


x{s,t)i:i 


= uJsis 


-i) = 


sinh (A) 




xis,t)i:i 


= iLteis 


"i) = 


sinh (A) 





(3.1) 



Fig. |3.3|specifies the convention used for the assignment of the state variables. 



t 



Figure 3.3: LabeUng of the vertex X{s, i)^ 



b 

d,c' 



Yang Baxter equations. Using this specific parameterization of the six al- 
lowable weights, we are assured that the Yang Baxter equations. 



\92a3 

)<1S,<12 



= X{s2~s,)'^^J^X{s^-s,)'^^^,^,X{s^~S2r,l',l 

91,92,S3e{1.2} 



are valid. 



Domain wall boundary conditions (DWBC's). For the remainder of this 
section we specify that the outer-most left and right arrows point outwards. 
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/ \ 


/ \ 


-• 










-> 
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s / 


\ / 


s / 


-> 



Figure 3.4: Typical example of DWBC's. 



and the outer-most top and bottom arrows point inwards, while the inside bulk 
remains free. 

Domain wall partition function (DWPF). The DWPF, Zn, is defined 
as the weighted sum over all valid lattice configurations under DWBC's. 



Zn (s, t, A) = Zn (s, t) = J2 



allowable 

configurations 



all 

vertices 



(3.3) 



Korepin's conditions for Zn- In [13] Korepin obtained four conditions that 
uniquely determine the expression for Zn (s, t) . These are, 

• Zn {s,i) is an order N— 1 trigonometric polynomial in any of the rapidities 
{s} or {t}. 

• Zn {s,i) is a symmetric polynomial in the set {s} and the set {t}. 

• Setting the rapidity variables, si = + 1, we obtain the recursion relation, 

Zjv|si=ti+i = ^]^sinh(A(-s, sinh (A) sinh (A(-si + tj))^ 

X Zn-^i{siJi) 

• The initial condition is given by Zi{si,ti) = sinh (A). 

We shall generate similar conditions for alternative vertex/height models in 
chapters 4 and 6 of this work. 

We are now ready to begin considering the determinant expressions of the 
DWPF that adhere to the above four conditions. 



3.1.2 Izergin's determinant expression 

Performing the change of variables. 



2Xs 



= Ui ,l<i<N 
= Vi ,l<i<N 



(3.4) 



-2A 

e =q 



Izergin's determinant expression the DWPF is given by. 



Zn{u,V) = TN^j^j-^ 7 r-, rdot 



{ui - Vj){qui -Vj) 



(3.5) 



88 



CHAPTER 3. THE SIX VERTEX MODEL AND KP 



where Tjv = 2^(^-i)g5^(^-i) (jlti ^^^^) ' • 

It is a relatively straightforward process [14] to show that Izergin's determi- 
nant expression satisfies the four conditions of Korepin. 



3.1.3 Lascoux's determinant expression 

An equivalent expression of the partition function using basis (elementary 
and homogeneous) symmetric polynomials, due to Lascoux [15], is given by, 

r 1 ^ 

Zn{u,v) = Tjvdet (iij,k{v)fi1zl\ , (3-6) 

L J i,fc— 1 

where, 

j-fe+i _ fc-i 

^jA^) = i-lf-'+'^-'eM-j+k-iiv) (3.7) 

Expanding Zf^ as a polynomial in Schur /character polynomials. Using 
the Cauchy-Binet formula to expand the determinant of the product of non 
square matrices, the above expression becomes, 

Zm{u,v) = Tjv ^ det [/ij,_i(M)]^,^j det [Kj,,fc(t;)]^j^^i 

l<Jl<"'<j]V<2iV-l 

Performing the change of variable, ja ^ + oi, \ < a < N , and applying the 
workings from section 1.4.3 to express the determinant of the complete homo- 
geneous symmetric polynomials as Schur polynomials, we obtain the following 
expression, 

Z'^{u,v)^Tn ^ det [/iAi+i-;(M)]^,^i det [KA,+i,ft(u)]^j.^i 

0<Ai<-<Ajv<iV-l 
{A}C(]V-1)« 

where we have the usual identities, 

E 

{A}C(JV-1)« 

and the coefficients, C|^j(u), are given by, 

C{A}(^) = det [«Ajv+i_,+i,i(i7)],'y^^i (3.9) 

In [74-76] it was shown that when the crossing parameter is equal to a third 
root of unity, the partition function is symmetric between both sets of rapidi- 
ties, and can be expressed as a single Schur polynomial in both sets of rapidities. 



= E 

0<A„<-.-<Ai<]V-l 

= det[/iA.+i-i(M)]f,=i 



We shall show that the above expression for the DWPF can be fermionized 
via the boson-fermion correspondence. By definition, this form is a restricted 
r- function of the KP hierarchy. For more details of this statement, see section 
3.5 of this work. First however, we shall explicitly derive Lascoux's form (eq. 



3.6 1 starting from Izergin's (eq. 3.5). Additionally, we also consider one more 
alternative expression for the DWPF which involves basis symmetric polynomi- 
als, given by Kirillov and Smirnov [16]. 
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Derivation of Lascoux's expression. We shall present the derivation of 
Lascoux's result for two reasons. Firstly Lascoux's result, like Tsilevich's result 
considered in section 2.1.5, is quite pretty and demands respect. Secondly and 
more importantly, contained within this derivation is a series of row operations 
that are extremely helpful in section 3.4.2. 

Necessary definitions. The most important object in this derivation is the 
so called divided difference operator, di, which acts on functions involving pairs 
of variables {u^, z^}, i e N, 

a : f{{u.,z.}) - /(^''^'»-/(^'-^'» (3.10) 

We also define the symmetric polynomials W}i{{ui, . . . , • . ■ vn}), which 

generally consist of two sets of variables which do not necessarily have the same 
cardinality. The generating function, W{z;u\v), is given by the multiplication 
of the generating functions of the elementary symmetric polynomials and the 
complete homogeneous symmetric polynomials. 



W{z-u\v) = = ii§=i)- 

11,2 = 1 U 



- (3.11) 



where e{v) and h{u) arc given by the usual elementary symmetric polynomials 
and the complete homogeneous symmetric polynomials respectively. Obviously, 
when the first and second sets are empty we obtain, 

Wj{u\(j>) = hj{u) 

Lastly, we define the two row symmetric function, w^jj^-^{{u\v},{fi\p}), (which 
contains four sets of variables) given by the 2x2 determinant expression. 



'^{i,k){{u\^}Afl\p}) = det 



Wj{u\v) WjJ^l{u\v) 
Wfe_l(/I|p) Wkifl\p) 



(3.12) 



Comment on necessary results. The derivation of Lascoux's form relies 
on the following four (seemingly unmotivated) necessary results regarding the 
divided difi^erence operator and the symmetric polynomials Wk{u\v). We obtain 
these four results and explicitly show how they are applied for the derivation of 

Result (1). 



W(N,j){{'>J'i\v}, {Ui, Zi\<j)}) = zl ]^(lt. 



Vk) 



(3.13) 



To verify eq. 3.13 we expand W(^j\j j^{{ui\v}, {ui, Zi\(j)}) explicitly. 



W^M,j){{Ui\v}, {ui, Zi\(j)}) = WN{Ui\y)hj{ui, Zi) — WN+l{ui\v)hj-i{Ui, Zt) 
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wher^ 



fc=0 

j 



k-0 

N 

WN+l{u^\v) = '*'^~''efc(«) + (-1)^+^ eN+i{v) 



Putting this all together we obtain, 



W(JV, 



JV ^ / 1 \ f ^ - -1- ] 

fc=0 ^ ' ^ lp=0 p=0 J 



n 1 



Mi 



which verifies eq. 3.13 Taking the determinant of the above result, (for 1 < 
h i ^ N), we have. 



det [w(^N,j){{ui\v},{ui,z^\(j>})\^ = det 



n 



Vk\ 



N 



= n («i-«fe)det (3-14) 
i,k=i ^ ^'-'^^ 

N 

= Yl [ui- Wfe) Yl (^j' ^ 

i,fc = l l<i<j<N 

Result (2), the action of 9, on Wj(ui|v). Considering the action of di on 
Wj{ui\v), where the first set contains only one element Ui, we obtain. 



d, {wj{ui\v)) = ^(-l)'=efe(u)ai (y-r'') 



fe=0 



fc=0 p=0 



(3.15) 



= Wj^i{Ui, Zi\v), 

since on the second last line the k — j term, h^iiui, Zi), is zero. 



-"^We remember that hj{ui) = u^. 
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Result (3), the action of di on W(isf j')({ui|v}, {ui, Zi| </)}). Expanding the 
term W(^^ j-f{{ui\v},{ui,Zi\4>}), and applying the operator we have, 

di {w(N,j){{y-i\v}, {ui, Zi\(j)})) = di (wN{ui\v)hj{ui, Zi)) — di {wN+i{ui\v)hj-i{ui, Zi)) 

we notice that the homogeneous symmetric polynomials in this expression are 
invariant under the action of Ui ^ Zi. Thus eq. [316] can be expressed more 
conveniently as, 

di {'W(N.j){{ui\v}, {ui, Zi\4>})) = di {wN{ui\v)) hj{ui, Zi) — di {wN+i{ui\v)) hj-i{ui, Zi) 

(3.17) 

Using result (2) from above, eq. 3.17 becomes, 

di (?i;(jv,j)({Mi|«}, {ui, Zi\4>})) = WN-i{ui, Zi\v)hj{ui, Zi) — w)jv(ui, Zi\v)hj-i{ui, Zi) 

= W(N~-L,j)({Ui,Zi\v},{u,,Z,\(l>}) 

(3.18) 

Result (4), expanding wjN.ij-jdui, Zi|v}, {u;, Zi|(/)}). We shall now provide 
the derivation of two alternative forms for W(7v_i j){{ui, Zi\v}, {ui, Zi\(f)}), given 

by, 

■W^N-l,j){{Ui, Zi\v}, {Ui, Zi\(t>}) 

= {-l)^''^'^w^pj){{u,,z,\(l)},{ui,Zi\(j}})eN-i-p{v) ^ ^ 

p=-l 

and, 

U>(jV-l,i)({Ui, Zi\v}, {ui,Z^\(t>}) 

N-1 

= {-'i-)'^~^~''w(p,j){{ui,Zi\(l>}, {m,, Zi\(j)})eN -i-p{v) 

(3.20) 

- ^(-l)'^"''u'(j_i,p)({Mi, Zi\cl>}, {u^, Zi\(l)})eN-p{v) 
p=0 

Using the definition of Wj{u\if) in terms of a summation of e(t/)'s and /i(m)'s, eq. 
|3.18| becomes, 

TO(]V-l,j)({tti, Zi\v}, {Ui, Zi\(j>}) = WN-l{Ui, Zi\v)hj{ui,Zi) — WN{ui, Zi\v)hj-i{ui, Zi) 

N-1 

= ^ {—l)^^^^^^hp-^{ui,Zi)eN-i-pi{v)hj{ui,Zi) 
Pi=-i 

JV 

- ^ {-l)^~^^hp2(ui, Zi)eN-p2(v)hj-i{ui,z^) 

P2=0 

where we have added the pi = — 1 term in the summation since it produces a 
zero. If we make the change of indices p2 — P2 + 1 , we obtain, 

W(N-l,j){{Ui,Zi\v}, {ui, Zi\(j}}) 
JV-1 

= / (_l)'^-i-P (hp{ui,Zi)hj{ui, Zi) — hp+i{ui, Zi)hj-i{ui, Zi)) ejv-i-p(w) 
pt^i " ' ' 
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which verifies eq. |3.19[ To verify eq. |3.20| we begin by separating eq. |3.19| into 

the two values oi p, j < p < N — 1 and —1 < p < j — 2, where we note that the 
p = j — I term is zero, 

W(jV_ij)({ui, Zi\v}, {Ui, Zi\(l)}) 
JV-1 

= ^ (-l)^"^"^™(p,j)({M», Zi\<j)}, {ui, Zi\(l)})eN-i-p{v) 



J-2 

+ 5^ {hp{ui,Zi)hj{ui,Zi) — hp+i{ui,Zi)hj-i{ui,Zi))eN-i-piv) 
p=-i 

We notice that the first term is in the correct form. For the second term, we 
make the change of indices p ^ p — I, and take out an overall negative factor 
to obtain. 



thus verifying eq. |3.20[ 



hj-i{ui,Zi) hj{ui,Zi) 
hp-i{ui,Zi) hp{ui,Zi) 



eN-p{v) 



Main section of the derivation. We now come to the main section of the 
derivation of Lascoux's result, which relies on applying a series of divided dif- 
ference operators on a known determinant expression (Cauchy's identity) and 
obtaining the Izergin-Korepin determinant. We then use the four results results 
to reconstruct this determinant in terms of symmetric pofynomials. 

Obtaining Izergin's determinant from Cauchy's determinant using 
divided difference operators. We now consider the product of operators, 
di . . . On, acting on Cauchy's determinant in the form. 



det 



Hi 



<i<j<N 



{Zi - Zj){Vj - Vi) 



ni<i<7<jv(^» 



To simplify the situation, we notice that Zi only appears in row i, thus each 
operator, dk, only acts on a single row. Taking this into account we obtain for 
a single operator. 



dk det 



^ Uk-Zk 

p=i 



i = l,-..,k,...,N 
j = l,...,p,...,7V 



{Uk — Vp){zk — Vp) 



det 



i = l,...,k,...,N 
j = l, . . . ,p, . . . ,iV" 



det 



-2? . —V^ 



ll=l,...,fc-l 



-I j=l,...,JV 



Thus applying the product of N divided difference operators we obtain, 



di . . .On det 



: det 



{ui - Vj){zi - Vj) 



(3.21) 



which is Izergin's determinant expression in the limit Zi — > qui, I < i < N . We 
now concentrate on obtaining the whole of Izergin's DWPF, Zj^{u, v), up to the 
factor Tat. 
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Obtaining Zj^ in terms of basis symmetric polynomials. Consider now 
the product form of the Cauchy determinant and massage it to obtain, 

' — : ' 

use cq. |3. 14| 

iV(iV-l) I ni<,<j<ivfa -^'O niV 

= (-1) ' S ^jv ~. r, ->det[w^N,j-i)({u,\v},{u„z,\cj,})\^,.^_^ 

(3.22) 



elementary to see that the factor, „>,'"-'''^-" ' — - — r, is invariant under 

iction Ui <-> Thus applying the product of divided difference operators 
htain _ 



It is 

the action Ui 
we obtain 



= — ^ ) hm dx. ..On \ det ^ 



1 



use cq. |3.22| 

N(N-1) 

? ..l^Su. 9i •■ •'9jv (det [w(jv,j-i)({ui|i;},{ui,2i|0})]f ) 

<i<j<ivi"i - .£{1, .,«} ^ ;^ ^ ^ 

use cq. |3. 18| 

N(N-l) 



[w(jv_i,j_i)({iti, qui\v}, {ui, qui\(f)})\ ^.^^ 



Expanding the matrix entry W(n_i j_i)({ui, qui|v}, {u;, qui|0}). We now 
apply eq. 3.20 on the entries, W(i^_i j_i){{ui,qui\v\,{ui,qui\4>\), of the matrix 
to obtain, 

W(jv-ij-i)({iti, qui\v}, {ui, qui\(j)}) 

JV-l 

= ^ {~l)^^^''^W(p^j_i){{u^,qUi\(j)},{u,,qu^\(j)})eN-i-p{v) 
p= j - 1 

J-2 

- '^{-l)^'^W(J.2,v){{u^,qU^\(t>\, {Wi , gWi | (/)}) BiV-p («) 

where (for pi > P2), 

™{pi,P2)({'"». q^^J'^W, {■"i, gwjjcj!)}) 
=/ipi {ui,qui)hp2 {ui,qui) — hp^+i{ui, qui)hp^-i{ui, qUi) 

_^pi+P2 J ^ ^ ^ ^ ^P1+P2-S1— S2 _ ^ ^ ^ ^ gPl+P2— 31— S2 I (O.AO) 
Ui=0 32=0 31=0 32=0 J 
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where we have used the label ^X^sL 
we obtain, 



[q]pl ■ Thus using the above result 



W(^p^j_l^{{u^, qui\(f}}, {u,, qui\(l>}) = < +^ Malj-i 
W(j-2,p)i{u^,qui\(j}},{u^,qui\(|>}) = ul~'^'^^[qYp~^ 

and the partition function expression, ^^Z'j^{u,v), becomes. 



(3.24) 



Af(iV-l) 



(-1) 

n 

l<i<j<JV 



det 



(3.25) 



Eliminating the removable poles. It is now necessary to eliminate the re- 
movable poles, T-r Y- Using the following symmetric function iden- 

tity, 

hm.{{u},Uj) — hm{{u},Uk) = {uj — Uk) km- 1 {{u} , Uj , Uk) (3.26) 

where Uj, Uk ^ {w}, we perform the iV — 1 row operations (in order). 



R2 



Ri -R2 
R2 — R3 



(3.27) 



Rn-1 Rn-1 — Rn 

Under these operations eq. |3.25| becomes, 

iV(iV-l) 

1 ylf^ (-1)^^ 

— Zjv(u,«) = = 

liV [[l<i<j<N (Ui ~ Uj) 



xdet 



Ef=Ai(-l)'^-'"''^P+.-2(n„^.+i)[g]^_,eiv-i-p(i/) 
^j:izU-l)''~'-'h,+,.2{u.,u,+^)lq]l-leM-i-Av) 



i=l,...,7V-l 
j = l,...,N 



Continuing with this pattern and applying the — 2 operations (in order), 

Ri^ Ri- R^+2 , 1 < i < N - 2 (3.28) 

followed by the N — 3 operations (in order), 

R^R- R^+3 ,l<i<N-3 (3.29) 

until finally we have just the single operation, 

Ri^ Ri- Rn (3.30) 

eq. |3.25| becomes. 



1 7 N{N-1) 
1 JV 



xdet 



E^=/_i(-l)^ ^ ^hp+j_^_(f^_i){ui,...,Ui-i)[qY._^eN-i-p{y) 
- Ep;ii(-l)^"^"''/ip+j-i-(iv-i)(wi- • • • > '"i-i)['7]pT?ejv-i-p(tT) 



J — 1 

(3.31) 
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which completely eliminates the poles. 

Clearing up t he homogeneous symmetric polynomials. In their current 
form (eq. 3.311, most of the polynomials, /ip_|_j_i_(jv-i)(^i, . ■ . , Wi-i), contain 
incomplete sets of the variables {u}. We now detail the required algorithm to 
make all of these polynomials contain the complete set {u}. For this task we 
require the following identitjj^ 

hj{ui, . . . ,Uk) = ^ hi{up)hj-i{up, . . . ,Uk) + hj{ui+i,. . . ,Uk) , 1 < I < k — 1 (3.32) 



Using the above identity, if we apply the following (ordered) row operations. 



Rn — * i?JV + /!.i(M]V-i)-R]V-1 
Rn-1 Rn-1 + hl{uN-2)RN-2 

R2 R2 + hi{ui)Ri 



(3.33) 



This increases the number of variables in each homogeneous symmetric polyno- 
mial by one (except for those in Ri which already have N variables) . Continuing 
this process (in order). 



R^ 



Rn + hi{xN-j)RN-j 



for j = 2, 3, . . . , iV - 1 



(3.34) 



Ri+j Ri+j + hi{xi)Ri 

eq. |3.31| becomes. 



(-1) 5 det 



Ef=/-i(-l)^ ^ ''ftp+^_i_(]v-,)(«)[g]^_ie]v-i-p(iT) 



i,i = l 



Finally, reordering the rows as follows, 

Ri —* Rn+i-i , i = I, . . . , N 

we obtain. 



(3.35) 



J—Zn{u,v) = det 

JL JV 



(3.36) 



which is the expanded form of Lascoux's determinant expression, (eq. 3.6 1. 



3.1.4 Kirillov-Smirnov determinant expression 

For completeness we now analyze the alternative form for the DWPF ex- 
pressed in terms of basis symmetric polynomials given by Kirillov-Smirnov 
in [16], 

det [r(°))({fc}|.-),T«,({fc}|«)] 
Z^'^ {u, v) = Tn AT r ' (3-37) 

^The identity can be derived easily enough using an inductive argument. 
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where, 



g2 y q2 J \ q2 J 

(3.38) 

As with Izergin's determinant form, the advantage of the above expression is 
that it is relatively easy to show that it adheres to Korepin's four conditions. 
We shall consider the above form and show that hidden inside is an similar form 
to Lascoux's. 

To proceed we first eliminate the Vandermonde determinants in the denomi- 
nator. 

Elimination of the removable poles. 
Proposition 20. 

det . . • , k}\u), . . . , k}\v)] ^„ 

ryKS/- TT fc=l,...,JV 

Zn (u,v) = Tn ; -j^ 

q2 iq2 - q 2 \ eM{v) 

(3.39) 

Proof. We notice that we can refer naturally to the left hand and right hand 
side of the determinant in eq. |3.37| as they have z values and 1 respectively. 
Now consider the jth column, labeled Cj, 1 < j < N, in both sides of this 
determinant, (we shall keep z general in the below calculations). 

Using the following relation between the elementary symmetric polynomials, 

ej(wi, . . . , wn) = ej(it)i, . ..,Wk, - ■ ■ ,wn) + Wkej-i{wi, . .. ,Wk,--- ,wn) (3.40) 
we first note the following result, 

Tl;l^m u {ki}\w) - j({/} u {k2}\w) 



1 



[ej (q^Wns{i iV},g~'w„^{j}u{fei}) -fij (^q'^Wr,(,{i,...^N},q'^w„^[iyu{k2}^] 

-zq2 \^ej (q^w,^f^{iyu{ki},q~^'W„fz{i,,,,^M}^ - Sj (^q^ ■w„^^iyu{k2},<l'^ w„e^l^,,,^Ny^^ 
= {wk2 "f^fei) [g^^ej-i {q'iWn^{l^,,,^N},q~'iw,^^{I}^J{kl,k2}) 

p+l ( 1 _1 N"! 

-zq 2 ej„i (^g2^„^{j-}u{fci,fc2},g ^ ■!^ne{i,...,iv} j J 

= {wk2-Wk,)T[f_^^^^^^{{I}yj{kiM}\^) 

(3.41) 

Thus performing the column operations, 

Cj ^ Cj -Cx ,2< j < N 

in both sides of the determinant we eliminate a factor of rijL2(^i ~ ~ ^i) 

from the denominator and eq. |3.37| becomes, 



det [7;(°))({i}|u),7;^,_,)({i,fc}|u),7;W,({i}if;),7;W^^^^({i^fc}l^^)J 



2iV-l 
k = 2,..-,N 



q 2 
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Continuing this process we perform the following column operations (in order), 



Cj„ ^ - C-a-i n<j„<N 

for 3 < n < N in both sides of the determinant. Doing so we eliminate a factor 
of nr=2 n^Li+il^i ~ ~ ^j) from the denominator and obtain, 

■ j=0,...,2JV-l 

ki ,k2 



det 



Z^^ {u, v) — 



r(i) 

ki ,k2 



ki=l,...,n 
fc2=Ti + l,...,Af 



where. 



Setting n = A^, we obtain eq. |3.39[ □ 



We now wish to massage eq. 3.39 into a form that contains elementary symmet- 
ric polynomials in one complete set of variables only, as opposed to the mixed 
state that they presently exist. 



Clearing up the symmetric polynomials. 
Proposition 21. 



Z]sr {u, v) = Tf 

where, 

(z) / 1 



2N 

fc = l N 



q2 - q- 



(3.42) 



G{i,...,iV} ) - zq ^ ej-k 



(g ^«'ne{i,...,jv}) (3.43) 



Proof. For the following proof we keep the z value general. Naturally 
referring to the left hand and right hand side of the determinant in eq. |3.39| we 
notice that column N of both sides of the determinant is already of the required 
form. Thus for z = 0, 1, we call this term b 



JV-l 

zq 2 Cj-N 



[q 5 



W„g{i,...,]V} 



Using the symmetric polynomial identity in eq. 3.40 Cjsi-i on both sides of eq. 
3.39 to be massaged the following way. 



Cj, jv_i = 5 2 ej_(jv_i) (g2ui„g{i_...^jv},g 



-zq 



'j-(N-l) [q ^U'ne{l,...,JV},'7 



3 Wjv^ 



Z Iq 2 WNGj^N [q 2"'nG{l,...,]V} I + g ^ ej_(jv_i)lg ^ TO„g{i_.,.^jv} 



-(JV-l) (^g^it)ne{i JV}^ 

0] 



(^) 
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We wish to express the remaining columns in a similar manner. To do this we 
use the following extended version of eq. 3.40| 



Ep («)„g{/}u{fci,...,fc,„}) = ^ ei(ui„g{fcj,...,fc^})ep_; (■u;„g{7}) (3.44) 

1=0 

The proof of the above formula can b e obtained through an elementary induction 
argument, where we apply eq. 3.40 to Bp ^^j) a general number 

of times. The first few cases are given explicitly as, 

fip (WnS{/}U{fci,... ,*:,„}) 
= ei(Wfc^)ep_l (WnG{-r}U{fci,...,fem_i}) + ('"'n6{I}U{fei,...,fc„,_i}) 
= e2{Wk^_^,k,Jep-2 (WnS{7}U{fei,...,fc™_2}) 

+ei{wk^_i,k„Jep^i (TO„g{i-}u{fci,...,fc„_2}) + ('"^ne{-r}u{fei,...,fc,„_2}) 
and so forth. Using the above result we can now express the remaining columns, 

(z) 

Cm, l<m<N — 2, asa, linear sum of terms involving the remaining k)S, 

C...n = r(;^„,_,)({l,...,m}|») 

(g5 



q 2 ej_„i l(j2TO„g{i,.,._iv},g ^ w„g{™,+i^...^iv} 



-zq ^ Cj-m |^(j^iu„g{™+i,,..,jv},(j 2 i(;„g{i,...,]v} 

^ N — m 

(f^^ ^ a^'e; (lt;„g{„+l^..._iV}) ej_™,„; (^g' WnS{l,...,]V} 
^ N — m 

-zq^^ ^ g'e; (u;„g{^+i ..^^}) ej_„_i (^g' ' u;^^^^ 

iV — m 

= ^ e; (TO„g{^+i,..._iv}) 2 e^-m-! (^9^ ^"ne{l,.. ..iV} 
!=0 

' ej-m~l (^g^'W,ig{l,...,iV})] 



Cj.'" ^ 5Z ^' {Wne{n, + 1....,N}) tJl/^m+l) 
1=0 



Thus, performing the column operations (in order). 



Cjv-i — > Cjv_i — ei (tijv)C]v 

Cjv-2 — > Cjv_2 — ei (iijv, ?ijv-i)Cjv-i — e2(iijv, itjv-i)Cjv 

Cm Cm — '^iLl"' ('^ne{m + l,...,JV}) Cl + m 



(3.45) 



Ci ^ Ci — J^^j^'^ e; (u„g{2,...,]V}) Ci + i 



and similarly for the right hand side of the determinant, eq. |3. 39 [ becomes eq. 
3.43| completing the proposition. □ 



Extracting the g's out of the elementary symmetric polynomials present in the 

, X ( 2fc-j-l 2fc-3-l 1 



(3M) 
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eq. |3.43| becomes, 



-det 



q 2 eN[v) 



{_ 2fc-j-l 
q 2 

q ' t^j-kyu),- 

' q2 



ejv(«) 



det 



j = l 2N 

fc=l,...,JV 



j = l,...,2W 
fc=l,...,JV 



We now rearrange the ordering of the left and right hand side columns respec- 
tively as A: iV-fc+1, 1 < fc < iV, and the rows as j -> 2iV-j + l, 1 < j < 2N, 
to obtain, 



Zjv {u,v) = — 7^ det 



(3.46) 



j = l,...,2JV 



where we notice that the bottom row on the right hand side are all zeros. We 
consider expanding the above 2N x 2N determinant as a bilinear sum oi N x N 
determinants using the Laplace expansion. 

Laplace expansion of determinants. Let D2N = '^^^[djk]'j^=i be a 2A^th 
order determinant. It can be expressed as a bilinear sum of N x N order deter- 
minants by either of the following expressions. 



Dn 











J^2N 


fcl . 








jl 


jiV 




^ jAf+l 


j2N 








h 



where for the first expression, 

fcl < fc2 < ■ • • < fcjv , fcjV+1 < fcjV+2 < • • • < fc2iV 

and for the second expression, 

jl < j2 < ■ ■ ■ < jiV , jjV+l < ijV+2 < • • ■ < J2JV 



fc(Ti ^ fccr2 ^ ' ■ ' *C fc( 



<■■■ <ka 



Additionally, D^q denotes the A^th order determinant. 



31 
fcl 



3N 

kN 



Laplace expanding Zj^^. Applying the first Laplace expansion to eq. 
we set columns, 

fcjv = iV, feiv+i = iV 4- 1, . . . , fc2]v = 27V 



3.46 



fcl = 1, 
to immediately obtain, 

(_l)f (~+i)Tjv 



Zn (_u,v) 



X det 



}. 



J<^W=2N 
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where the condition, j^^^ — 2N, is due to the entries in the bottom most right 
hand row in eq. 3.46 being zero, i.e. all terms with j^^^^ — 2N are zero. 



Using the following relation, 

v^TV 2«"(2iV + l) v^TV • AT W 

(_1)2-! = 1^"1 = (-1) 2 (_l)i-i = l J'N + i ^ (•_X)^(_l)^i = l J'N + i 

the DWPF becomes, 

^^'("'"^) = ^ ^ det[e^_,_+..(uC^^^^det[^,^„^^,.]^^^^^ (3.47) 



where, 



(jv-i) In'' ~ 

W.fe = (-1) — +^ ^ _ ^ eM-,+k{v) (3.48) 

We now turn our attention to the summation, which in the current form is quite 
unruly. 

Expressing the (restricted) sum over the symmetric group as the sum 
of partitions. Expanding it out explicitly, it is possible (and advantageous) to 
express the (restricted) summation over the symmetric group as the following, 

E - E E (3-49) 



where we view the sum involving j^N+i i ^ l£ I l£ N, a,s uniquely fixed depending 
on the value of j^i ■ 

Making the following convenient change of variables, 

j<Tl = iV - Al + 1 j<Tjv + l = Miv + 1 

jas = TV - A2 + 2 = Piv-i + 2 



Aat =0 j^ajv = N 

the summation becomes, 



E - E E 



ires* 0<Ajv_l<--<Ai<N 0<MJV<--<f 1<"-1 

where we appreciate that, 

E = E > E = E 

0<Ajv_l<--<Ai<N {A}C(JV)«-1 0<HJV<'-'<Ml<iV-l {m}C{JV-1)" 
A„=0 

We now focus on the summation of the /^'s. Based on its initial form in eq. 
|3.49| we know that it only has one unique configuration for every partition 
{Al, . . . , Ajv_i} = {A}. We shall proceed to show that the specific configuration 
in question is the conjugate of {A}. 
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Proposition 22. 



E = E 



{f<}C(]V-l)« = 
MIV + l-l+'5*" + l-^l-" + 2-A2..--,2iV-l-A„„i 



for all partitions {A} C (^N) 



N-l 



Proof. Expanding the conditions on the parts of {fi}, we obtain a compre- 
hensive hst of their forbidden values, 

UN + iV-Ai iV + l-Aa ... 2iV-2-Ajv-i 

/ijv-i / iV-l-Ai iV-Aa ... 2iV-3-Ajv-i 

(3.50) 

/^i / 1-Ai 2-A2 ... N-\-\n-x 

As stated earher, we know as a fact that there is only one vaUd partition that 
satisfies each of these conditions. Thus to complete the proposition we shall pro- 
ceed to verify that the conjugate of {A} indeed adheres to all of these conditions. 

We recall that the partition {A} C (N)^^^ can be expressed in the following 
convenient form, 

(Ai,...,Aiv-i,Aiv =0) = (iV'"",(iV-ir"-S...,l™i) 

for m\ -\- ■ ■ ■ + rfi]^ < N — \ . Using the above expression we obtain, 

rai = a' — a' 11 for 1 < 7 < A'^ — 1 
' ' , (3.51) 

mjv = Ajv 

Labeling, Z(A) = A'j^, as the le ngth of {A}, (the sum of t he pa rts), we now let 
IX j = A^, 1 < j < A^. Using eq. 3.51 the conditions in eq. 3.50 can be expressed 
conveniently as, 

m + \ + J 

1{X) + \j / j + 1 + mi 

1{X) + \j / j + 2 + mi+m2 j-g 52) 



^(A) + A, / J + iV - 1 + EtT' 

for 1 < j < — 1. Let us verify the first few of these conditions, and in doing 
so, the method to verify these conditions generally is made apparent. 

Verifying 1(A) + Aj 7^ j, 1 < j < N — 1. This is the simplest of the conditions. 
There are two values of Xj that we must examine to verify the condition. 

(A, = 0) 1{X) < j 

=> 1{X) + X, < j 
(A, > 0) /(A) > j 

^ liX) + Xj > j 

Hence the condition is verified. 

Verifying 1(A) + Aj 7^ j + 1 + mi, 1 < j < N — 1. Three values of A^ must 
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be examined for this condition to be verified. 



(A,- = 0) /(A) < j 

=^ mi < 

1{\) + Xj <mi+j + l 

(Aj = 1) l{X)=j + s 0<s<N-j-l 

=> mi > s + 1 

^ /(A) + Aj <mi+j + l 

(A,- > 1) mi < /(A) - j 

=> rni + j < 

=^ l{X) + Xj>mi+j + l 



Explicitly verifying one more condition is enough to make the general case trans- 
parent. 

Verifying 1(A) + Aj ^ j + 2 + mi + m2, 1 < j < N — 1. Unsurprisingly, four 
values of A^ must be examined for this condition to be verified. 



(A,. = 0) 1{X) < j 

=> mi + m2 < 1{X) 

^ 1{X) + Xj <mi +1712+ j + 2 

(Aj = 1) /(A) ^ j + s 0<s<N -j -1 

=> mi > s + 1 

=> 1{X) + Xj <mi+m2+j + 2 

{Xj = 2) 1{X) =j + si+S2 0<si + S2<N-j-l 

=> mi + m2 > si + S2 + 1 

^ 1{X) + Xj < mi + m2+ j + 2 

{Xj>2) m.i + m2 < 1{X) - j 

^ mi + m2 + j < 1{X) 

=^ 1{X) + Xj >mi+m2+j + 2 



Which leaves us to verify the general case in an obvious fashion. 

Verifying 1(A) + Aj7^j + n + mi+-+ m„, l<j<N-l, 3<n<N-l. 

For this case we systematically show that each value of Aj adheres to the con- 
dition. 



(A,- = 0) 



(Ai = r) 
1 < r < n 

{Xj > n) 



m < j 

mi H + m„ < 1{X) 

1{X) + Xj < mi H h m„ + j + n 

1{X) = J + Sl H h Sr 

mi + • • • + mr > Sl + ■ ■ ■ + Sr + 1 

1{X) + Xj < mi H 1- m„ + j + n 

mi H + m„ < 1{X) — j 

mi H + m„ + j < ;(A) 

1{X) + Xj > mi H \-m„+j + n 



0<si-\ \-Sr<N-j-l 



Thus the proposition is verified. □ 
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Applying the above result to eq. |3.47| we immediately obtain, 



E 5|v'}(-)S{v}(^) 



where, 



epf(v) 

^ ' {A}C(JV)N-1 
^ ' {A}C(JV-1)" 
^ ' 0<Ajv<-'-<Ai<JV-l 



Using the Cauchy-Binet formula, or simply comparing this expression to 3.9 
see that, 

Zn^{u,v) = -^^det \(hj-i{u)f^^~l i'Pj,kiv)f^^Zl] (3.53) 



3.2 Charged free fermions 

In order to give the main results of this chapter we recall some necessary 
definitions/results regarding Clifford algebras, charged free fermions and their 
corresponding Fock space. This section, much like section 1.6 serves as an 
appendix of necessary definitions. In the following we use the integer labeling 
conventions for fermions found in [18] as opposed to the ^-integer labeling found 
in [17]. 

The Clifford algebra and free fermion operators. We define two infi- 
nite sets of generators, V'l*; V'ii * S Z, over C, which form a Clifford algebra. A, 
and satisfy the following anti-commutation relations, 

{V'M^i}+ = , {^*,^;}^ = , {^A., = (3.54) 

We refer to a free fermion as an element of the (infinite) set of all linear combi- 
nations of the Clifford algebra, W, 

mgZ / \neZ 

Within W there exist two subsets which form the creation and annihilation 
operators, 

Wcr = ( cv'm I e ( 0C7^: ) , w.„„ = ( CiA™ ) e ( 0cc 1 

\m>0 I \n<0 / \m<0 / \n>0 I 

We refer to Acr and Kami as the set of all possible ordered strings of creation 
and annihilation operators. A typical element of Acr and Aa„„ are given below, 

flcr G Acr = Vji • • ■ V'jvV'fes ■ • ■ V'fci where ji < ■ ■ ■ < jr < < fc^ < • ■ ■ < fci 
fflann G Aa„„ = "i/jfe^ . . . i^l^ipj^ ■ ■ ■ V'ii where jl < ■ ■ ■ < jr < < ks < ■ ■ ■ < kl 
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The Fock space F. The (infinite dimensional) Fock space associated with the 
Clifl^ord algebra A, referred to as ]F|^ is characterized by the two properties, 

• All elements of Wann annihilate the vacuum, 

Wann\0) = V Wann G 



ann 



• The entire Fock space can be generated by applying elements of Acr to 
the vacuum, 

F = A,,|0) 

Additionally, if we view a typical element of F, 

. . . '(/>jvV*a • • • i'ki |0) where ji <■•■<>< < fcs <•••< fci 

(3.55) 

s ~ r — I 

we refer to ^ G Z as the charge of the element. Elements of F with the same 
charge form a subspace, F;, and hence F decomposes into the following direct 
sum of vector spaces, 

F = ---eF_ieFoeFie... 

The conjugate Fock space F*. The conjugate Fock space, F*, is defined 
similarly. 

• All elements of Wcr annihilate the conjugate vacuum, 

(OjlUcr = V Wcr G Wcr 

• F* can be generated by applying elements of Aa„„ to the conjugate vac- 
uum, 

F* = {0\Aann 

Additionally, viewing a typical element of F* , 

(OlV'fei ■ • ■ 4'Li'jr- ■ ■ ■ 4>ji where ji <■•■<>< < fc^ <•■•< fci 

(3.56) 

r ~ s — I 

elements of F* with the same charge, I G Z, form a conjugate subspace, Fj*, and 
hence F* decomposes into the following direct sum of conjugate vector spaces, 

F* ^---eFiieFjeFte... 

The inner product. We consider the inner product of dual vector spaces, 

F* X F = (0! |^n«;Ln j (n ^ ^ 

for all u;^^/w*„„ G Wcr /Worm. The quantity (0| . . . |0) is referred to as the 
vacuum expectation value, defined by. 



(o|o) = i , (oi^,v,|o) = (oiv;^;io) = o 



beautiful interpretation of the Fock space is given as an infinite one dimensional Maya 
diagram of black and white stones where the action of the operators move the stones around 
in a very specific way. For further details see chap. 4 of [17]. 
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Using the above definitions and the anti-commutation relations, the expectation 
value of a general string of free fermions, wi . . .Wr, can be calculated, known as 
Wick's theorem, 



{0\W1 . ..Wr\0) 



r odd 

E^es- sgri{a){0\w^^Wa2\0} ■ ■ ■ (O|wo-^_i Wa^|0) r even 

(3.58) 

a I < a2, ■ ■ ■ ,(J, — 1 < Ur 
ai < o"3 < • • • < ar-i 



Fermionic representation of the Lie algebra gl((X)). The fermionic repre- 
sentation of the algebra 5/(00) is given by the following bilinear sum, 

ffZ(oo) = i ^ ttij : tPiip* : i e C (3.59) 

where, 

: ■■= ''A.V'j - {0\1p^1pJ\0) (3.60) 

and the coefficients, G C, satisfy the following finiteness condition, 

3 iV G N, such that = , V - j\ > N (3.61) 

Additionally, for some Xa G gl{oo), we have following helpful commutation 
relations, 

[Xa, i^A = J2 ^ii^i ' [^A, V;i = ^i-aji)i^: (3.62) 
iez iez 

Heisenberg subalgebreis of gl(oo). We now consider important subalgebras 
of this Lie algebra, labeled G 3/(00), by setting aij = ^j.i+m) m G Z, 

Hm = J2- 'Pii'i+m ■■ (3.63) 

iez 

which satisfy the following commutation relations, 

Thus Hn, n ^ 0, along with central element 1 span a Heisenberg subalgebra H 
in gl{oo). We additionally define the generating function for this subalgebra as 
follows, 

00 

H±{x) = X±mH±m (3.64) 
Notice that the generating function only contains fermionic terms of charge zero. 

Boson-fermion correspondence. It is possible to realize expressions in ferm- 
ionic Fock space as elements in the polynomial ring C[a;i,a;2, . . .] (bosons) by 

applying the following theorem. 



Theorem 2. The following map, 
where, 



$:F = ®(F( — >C[z,z \xi,X2,...] = ®izC[xi,X2, 



n |0> = ®i^\o\ro ■ ■ ■ V'f-i exp{H+{x)} (j[ wi,^ |0) 



V uui^ G Wcr, is an isomorphism of vector spaces. 
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In what follows, we shall only have to consider fermionic expressions of zero 
charge. 

Character polynomials. The following formula uses the vector space iso- 
morphism to generate character polynomials (which serve as a basis for C[x]) 
from zero charge fermionic expressions. 



(0| exp{i7+(f)}^;^ . . . . • . ^fei |0) - (-1)^'^+-+^' X{A}(^) 



(3.65) 



where ji < ■ ■ ■ < jr < < < ■ ■ ■ < ki, and r corresponds to the amount of 
hooks in the corresponding partition. The correspondence between the partition 
{A} and the integers {ji, 



, jr, ki, . . . , kr} is explained in diagram 3.5 




Figure 3.5: Partition {A}, consisting of r hooks, which corresponds to the fermionic expres- 
sion in eq. |3.65| 



3.3 Fermionic expression of the DWPF 

We now come to the first of the two main results in this chapter, given by 
the following lemma. 



Lemma 5. Eq. \3.8\ can be expressed as the hosonization of the following ferm- 
ionic Fock space expression, 



exp 



{xr'} exp [xr] ... exp [x^,%} m^c\^J^ (3.66) 



where, 



= -4f>liV'o + 4^ij^l2^o + --- + (-l)^5|f^j^*iv^o 



(3.67) 



X 



iv-2 = E, = l(-l)'cJ^^_l,l,-l}V'-i^iV-2 
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and the coefficients, c^^j 



{A} 



J, are given by eq. 



3.9 



We shall refer to the 



{*} I 

group elements, exp|xj^''| G GL{oo), as generators. 



Example, N = 3. Before we give a proof of the above lemma, we first give 
the simplest non trivial example. 



Using the following definitions, 



C{A} = det 



(-1) 



2-(A4_.+i-i) 



e2~{A4_,+i-j)(w) 



and, 



we obtain the expansion, 

exp{x(^)}exp{xf' } 

+42!l}'^-2^1 ~ ^flliy-^-ai^l + {^fliycf^sy - 4l'^}C{2!l2}) Tp-3i>-2i^0lpl 



We now detail the method required to simplify the three bilinear expressions in 
the above coefficients. For further details on Pliicker relations see [19]. 

Generation of Pliicker relations. To simplify the three bilinear expres- 
sions of the coefficients contained above we label 7^ as the following column 
vector, 



7m = 



q-1 



(-l)^-^+^ei_,+,(«) 



(3) 

Using this notation the coefficients cj-^j can be constructed in the following 
convenient way, 

C{A} =det [(7a3,7a2+i,7Ai+2)^] = I7A3 , 7A2+1, 7Ai+2| 

We now consider the following 6x6 determinant expression, 









r -{ 




hi, 2 


' 3 = 1,2,3 \ 




hi, 3 / 



7mi 7m2 71^1 1U2 71^3 7.^4 

7^1 7^2 71,3 7^4 



and use Laplace expansion to obtain a bilinear sum of 3 x 3 determinants, 

|7mi ' 7m2 ; 7.^1 1 l7i^2 > 7.^3 > 7.^4 1 + |7mi > 7^2 > 7.^3 1 l7i^i , 7!^2 > 7z^4 1 

- |7mi'7/.2.7>^2I l7!^l,7<^3'7<^4l - |7mi'7m2>7.^4I l7!^l,7l'2>7.^3l = 
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where we have a total of six arbitrary indices, (/Xi, At2 > ^^i ) ^^2 , j 1^4)- In order to 
derive the three necessary Pliicker relations we input the following three sets of 
values for the indices, (/ii, /i2, 1^1, V2, 1^3, V4), to obtain, 

(2,3,4,0,1,2) : c'^j. c'^L - c^^l = -c'A', c'^^ 



(1,3,4,0,1,2) 
(0,3,4,0,1,2) 



{2,1}^{13} ^{12}^{2,12} — '-{<t>}'-{2^} 
Si) Si) _ S) S) _ „(3) „(3) 
''{1}''{2,12} ^{2}'-{l3} — ^{0}^{22,1} 
„(3) (3) _ (3) (3) _ _ (3) (3) 



Thus the polynomial expansion of the product of the two generators becomes 
the following. 



exp 



{X(^'}exp{xf)} 



-cIj'jV* iV"! + c'^l ij^/'ls'^-lV'oV'l - C^23}^-3V'-2'/'0^/'l - c'^l.jl/'lal/'* iVo^/'l 

where every bilinear term in the fermions contains a coefficient with a partition 
containing a single hook, and every term containing the product of four fermions 
contains a coefficient with a partition containing two hooks. 

Bosonization. Applying eq. |3.65| on the inner product expression we obtain, 
{0|exp{ff+(f)}e^o"e^^''|0)T3cf;j(i;) = T3 ^ cfl^{v)xw{x) 

{A}C(2)3 

and restricting the time variables in the usual manner, 

1 



^Pj(ui,U2,U3) , j G {1,2,...} 



we have, 



{0|exp|//+ (|ip,(^)|)|e^o''e^'"lO)T3cf;j(^l = T3 ^ cf^^iv)S^,y{u) 

^ ^^-^ ^ ^ {A}C(2)3 

= {u, v) 

which completes the A'^ = 3 example. 

It should be apparent by now that proving the lemma of this section requires us 
to verify that the necessary Pliicker relations are generated appropriately. We 
shall proceed slowly and show that this is the case for the multiplication of two 
general generators. This shall serves as the base case for the inductive proof of 
the lemma that shall follow. 

3.3.1 Multiplication of two generators 

For < ^1 < ^2 < A — 2, consider the following elements of gl{oo), 

N 



JV 



.7=1 
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These two sums of fermionic bilinears contain coefRcients that are labeled by 
partitions containing a single hook of varying dimensions. When we multiply 
these two sums, we will obtain a sum of a product of four fermions, with bilinear 
terms in the coefficients. The main crtix of this section is to detail, through the 
application of Pliicker relations, the method of simplifying these bilinear sums of 
coefficients (whose partitions are labeled by single hooks) into single coefficients 
(whose partition is labeled by two hooks). 

We begin by multiplying the exponentiation of the above bilinear sums of 
fermions, 

exp {<)} exp «)} = 1 + + x/f ) + x/f'x'f 

where we notice immediately that non linear terms in either Xi^^ or xj^^ do 
not survive due to the anti-commutation relations. 

Obtaining the bilinear terms in the coefficients. It is obvious that the 
linear terms, xj^^ and Xi^\ in the above expression do not require any work 
as they do not contain any lailinear terms in the coefficients. Concentrating then 

on the cross term, Xi^^ x[^\ we have, 

JV JV 

Commuting the fermions to the following desired form, 

V'-j2V'-jiV'iiV'i2 , 1 < ii < j2 < iv 

we obtain. 



jl=l j2=l 
327^31 

\i<ji<32<jv i<j2<ji<jvy 

^ "SP ( ( -,(N) -(JV) _~(N) -(JV) \ 

^ ^ ' V {'l + l.l-'l"^} {i2 + l,l-''2-l} {il + l.l^-l} {i2 + l,l-'l-^}y 

1<J1<J2<JV 

X V-3.jV'-3iV'iiV'(2 

In order to simplify the above bilinear relationship with the coefficients we pro- 
ceed much the same as we did for the example with N = 3, but on a much 
larger scale. 

Generation of the necessary Pliicker relations. To begin we label 7^ 
as the following column vector. 



/,,M-J+2 _ \ 



j=l,...,N 



\ Km+1,JV / 



(3.69) 



no 
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and hence the coefficient , c^^j, can be expressed as the determinant of the 
following length N vector of column vectors 7^, 



W I I 

"^{A} — |7Ajvi7A„_i + 1, • ■ • ,7A2+Af-2,7Ai+Ar-l| 

Now we consider the following 2N x 2N determinant expression, 



(3.70) 



7^11 ■ • ■ Il-IN-I Ivi lv2 

... 7^, 7^2 



= 



and Laplace expand it to obtain a bilinear sum of N x N determinants, 

JV+l 



p=i 



7^p 



7>'N+i I I 7mi ■ • ■ 7mn-i 7-'p 1=0 (3.71) 



where we have 2N arbitrary indices. We now consider inputting the following 
specific values for (/ii, . . . , /ijv-i, I'l, ■ • • i^N+i), 

{fj,i,. . . ,^IN~J2) = (0, . . . ,A'' -i2 - 1) 

{fj,N-j2+i,- ■ ■ ,^J■N~n^l) = {N - j2 + 1,. ■ ■ ,N - ji - 1) 

{llN-j,,...,IJ.N-2) = (iV- jl +l,...,iV- 1) 

{lj,N-i,vi) = {N + li,N + I2) 

(z/2,...,i^iv+i) = {0,...,N-1) 

to obtain the following bilinear sum of determinants, 

I70, . . . ,7iv-i| I70, • • • ,7iv-j2i • • • :lN-ji, ■ ■ ■ ,7]v-i,7iv+ii,7Jv+i2 
+ (-1)^"^^+^ \ jN+i2 , 70, • • • , 7JV-J2 . • • • > 7iv-i 
X I70, . . . ,7jv-j2, • • ■ ,7iv-ji, . . • ,7jv_i,7jv+ii,7iv-i2 

/ 1 N-'V— 31+1 I 

+ (-1) l7iv+i2>7o, • • • .7iv-ii, • • • ,7jv-i 

X I70, . . . ,7jv-32) • • ■ i7iv-jn • • • ,7Jv-ii7Jv+in7iv-3i | = 

Ordering the columns of the above determinant expressions so that indices of a 
higher integer are placed to the right, we obtain the required Pliicker relations, 

(JV) (JV) _ (JV) (JV) 

'^{il + l,ljl-l}^{i2+l,lJ2-l} ^{ii+l,lJ2-l}^{;2 + l,lJl-M 
_ (N) (JV) 

^ '^{'^'}^{i2+l,ii+2,2Jl"l,lJ2-jl-l} 



Thus eq. |3.68| reduces to the form. 



l<jl<j2<JV 



Referring back to fig. |3.5| we see that the partition of each coefficient, express- 
ible as a double hook, correctly corresponds to the partition generated by the 
product of four fermions. 



With the base case now complete, we shall now use induction to prove that 
multiplying a general number of orbit operators produces the required coeffi- 
cients. 
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3.3.2 Multiplication of an arbitrary number of generators 

We shall now generalize the above result, that the multiplication of k sums of 
bilinear fermions with coefficients labeled by single hook partitions simplifies, 
through the use of Pliicker relations, into the sum of a product of 2k fermions, 
where each fermionic expression is accompanied by the required coefficient la- 
beled by the partition consisting of necessarily k hooks. This result is proven 
using induction by the following proposition. 

Proposition 23. For < < • • • < < iV - 2, 

x/f ) . . . X'-) = Y: • • • . . . (3.73) 

l<jl<-'-<Jfc<iV 

where {X}k is the partition consisting of k hooks given explicitly as, 

{\}k = {h + 1, h-i + 2,...,h + k, k''-\ {k - ly^-^i-i, . . . , (3.74) 



Proof. We begin by noting that we have proven the above formula for 
k — 2. Let us now assume that eq. |3.73| holds for some value of k, we shall 
now show explicitly that it also holds for fc + 1. Hence we naturally consider 
the multiplication of A; + 1 bilinear sums of fermions and generate the bilinear 
terms in the coefficients. 

Generating the bilinear terms in the coefficients. For < < • • • < 

Ik+i <N-2, 



(JV) ^(JV) 



^k+l^il Jfc 



where we break up the summation in the convenient form, 

N 



E E 

l<jl<-'-<jfc<iV jfc + i = l 

Jfc + 15*Jl.---'Jfc 



E + E 

i<ii<---<jfc+i<JV i<ji<'-'<jfc-i<ife+i<jfc<iv 

••+ E + E 

i<ii<ifc+i<j2<--'<jfc<JV i<ifc+i<ji<---<jfc<iv 



Ordering the fermions appropriately in each summation and reassigning indices 
so that only one summation is necessary, we obtain the following expression. 



h ' ' ' Ik+l 



l<jl<--<jk + l<N 



E(-i 



,p=0 



p({^}fe) {i^^l+l,lJfc+l-p-l} 



(3.75) 



The partition crp({A}fe), 1 < p < fc, is obtained by rearranging the indices of 
partition {X}k appropriately, where CTo ({''^Ifc) denotes that there is no change 
to the indices. As a concrete example, consider k — A. Labeling L4 = {^4 + 
1, ^3 + 2, ^2 + 3, h + 4} we have. 



00 



= {A}4 = {L4,4^i~\3^'2-^i-\2«-^'^-\P''-"-'} 
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(3.76) 



(Ti ({A}4) is obtained from the summation X]i<ji<j2<i3<i-<i4<w Performing 
the relabehng j4 to the indices of this summation expresses it in the 

required form. Thus the partition txi ({A}4) is simply {A}4 with the aforemen- 
tioned index relabeling, 

(71 ({A}4) = {L4,4^'i"\3^'=-^i-\2^'^-^'=-\P=-^-^"'} 

Similarly, CT2 ({A}4) is obtained from the summation J2i<ji<j2<j5<j3<j4<N- P^'^" 
forming the relabelings (in order) J5 <-> J3, ^ j^, to the indices of this 
summation expresses it in the required form. Thus the partition (T2 ({A}4) is 
explicitly, 

(T3 ({A}4) and 174 ({A}4) are obviously obtained in an equivalent manner. 

For the case with general k, labeUing L/j — {Ik + 1, h-i + 2, . . . , + fc} we 
have explicitly, 

^o{{X}k) = {Lfe,fc^'i-i,...,P'=-^''=-i-i} 
ai({A}fe) = {Lfe,fc-*i-\...,P'=+i--"=-i-i} 
'^2({^}fe) = {Lfe,fc^'i-i,...,2«-^'=-2-i,P'=+i-^''=-i} 

f^piWh) = {Lfe,fc^'i-i,...,p^'=-(p-2)-^'=-p-\...,P'=+i-^'^-i} 

'^kiWk) = {Lfe,fc-''^-\(fc-l)«-^'=-i,...,P''+i-^'=-i} 
Our next step is to simplify the following bilinear sum of coefficients, 

k 
p— 

using appropriate Pliicker relations. 

Generation of the necessary Pliicker relations. We again consider the bi- 
linear sum of N X N determinants given in eq. |3.71[ This time however we input 
the following (more general) values for the 2N indices (/ii, . . . , fiN-i^ 1^1, ■■ ■ i^N+i), 

(mi. ■ • ■ ,Miv-jfc+i) = (0, . . . , A'' - jfc+i - 1) 

(Miv-jfc+1+1, • • ■ ,/iJv-jfc-i) = (N - jk+i + 1,. ■ ■ ,N - jk- 1) 

(Miv-jfc, ■ • ■ ,Miv-jfc_i-2) = {N -jk + l,...,N -jk-i-1) 

(Miv-jfc_i-i, • • • ,Miv-jfc_2-3) = {N - jk-i + 1,- ■ ■ ,N - jk-2 - 1) 

(MJV-ji-(fc-i), • • • ,Miv-(fc+i)) = {N - ji + 1,. . . ,N - 1) 
(/xjv_fc,...,/ijv-.i,i'i) = {N + li,...,N + lk,N + lk+i) 

{u2,...,un+i) = (0,...,iV-l) 

Doing so, eq. |3.71| becomes, 

I70, . . . ,7iv-i| |r^"\r*+\7jv+;j^^i| 

I / + l I - I It^(-) t^(+) I 

+(-1) |7jv+ij^^i,7o,...,7jv-jfc,...,7jv-i| |r) ',r,^ ',7jv-jj^| 

+ ■ ■ • + (-1)'^-^"^+' |7iv+i.+i , 70, . . . , 7iv-,i , . . . , 7iv-i I |r<"', r(+' , -,N-n \ = 

(3.78) 
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where we have used the following labels, 

r^"' ={70, • ■ • , iN-i-jk+i , 7iv-ifc+i , 7iv+i-jfc+i , • ■ • 

• • ■ i7iv-i-jfc,7JV-jfc,7iv+i-jfc, • • • ,7iv-i-ji)7iv-ji.7iv+i-ji, • • • ,7iv-i} 
r'^'' ={7iv+!i , 7iv+i2 1 • ■ • > 7iv+!fc } 

(3.79) 

As with the k = 2 case, ordering the columns in eq. |3.78| so that the indices of a 
higher integer are placed to the right, we obtain the required Pliicker relations. 



p— 



where {A}fc+i is the partition consisting of fc + 1 hooks given explicitly as, 

{A}fc+i = {ik+i + 1, /fc + 2, . . . , /i + (fc + 1), (fc + iy^-\k''-''-\. . . , 

Thus we obtain, 

x/f ' . . . xl^^^ = (- 1)^1 +■ ■ ■+^■-+1 

l<Jl<'"<Jfc + l<JV 



which completes the proof of the proposition. □ 

Proving the lemma. Now consider the multiplication of all the iV — 1 gener- 
ators, 

fc=0 

JV-l 

k=l 0<li<---<lk<N~2 

Applying eq. |3.73| the above expression becomes. 



(3.80) 



JV-l 

=i + E E E 

k-l 0<;i<-'-<ifc<JV-2 l<jl<-'-<jfe<JV 



(3.81) 



Bosonization. Referring to fig. 3.5 we can see that every value of k in eq. |3.81| 

generates every possible fcrmionic expression that corresponds to a partition 
consisting of k hooks, contained within the partition {{N — 1)^}. Additionally, 
eq. 3.73| shows that the fermionic expressions are accompanied by the required 
coefficient (and sign). Thus, performing the inner product, 

(01 exp{ff+(f)}e^o"' . . . e^""-2|0)c(^](^;)Tiv 
^TTiv c<^}(«)X{0}(5)+E E E 4a},(^)X{a},(5) 

y fe=l 0<Ii<---<ifc<JV-2 l<ji<---<jt.<JV J 

{A}C(JV-1)" 



114 CHAPTER 3. THE SIX VERTEX MODEL AND KP 

and restricting the time variables in the usual way, 

^Pj(ui,...,ujv) , j G {1,2, ...} 
J 

we obtain, 

{A}C(]V-1)« 

which proves the lemma of this section. □ 

3.4 Scalar product of the six vertex model 

Having finished fermionizing the DWPF, we now consider the next funda- 
mental quantity of the six vertex model, the scalar product. In order to proceed 
however we need to introduce the algebraic Bethe ansatz (ABA). The ABA 
admits a more formal constructiorj^ of fundamental quantities of the six ver- 
tex model than has previously been considered. For more details regarding the 
methods and results of the ABA, refer to [22-28] and the further references 
contained therein. 

3.4.1 Algebraic Bethe ansatz 

XXZ Hamiltonian. To begin, we consider the M identical vector spaces, 
^ C'^, i e {1, . . . ,M}, and their tensor product, Vi (g) V2 (E> ■ ■ ■ (E) Vm- We 
define the Hamiltonian of the zero field XXZ spin-i chain with Af sites as the 
following, 

M 

H = J2 + '^^J+i + ^ ('^.'^I+i - 1) } (3-82) 

where trj'^'^ G End(V^) are the usual spin-i Pauh matrices, a^'^'^ = (^If^i and 
— 1 < A < 1. The (systematic) process of finding the eigenvalues and eigenvec- 
tors of the above Hamiltonian is achieved through the algebraic Bethe ansatz 
which we now introduce. 



Algebraic Bethe ansatz. The most fundamental object in the algebraic Bethe 
ansatz construction of the six vertex model, the i?-matrix, is given as, 

/ [s-t+1] \ 

V [s~t + l] J 

where [s] — sinh(As) and s, i, A S C. The subscripts, a, 6 £ {1, ... , M}, referred 
to as quantum indices, denote that the corresponding i?-matrix acts in the ten- 
sor product Va (8) Vb, that is, Rab{s, t) e End(T4 ® Vb). 



^As opposed to Korcpin's four properties for the DWPF. 
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A note on constructing the i?-matrices. For b = a + 1 we have explic- 
itly, 

-Ro,a+l (s, t) = I2 ® • • • (8)l2 i8)i?(s, t) (8) I2 « ■ ■ ■ 'iS II2 

0-1 M-a-1 

where I2 is the 2x2 identity matrix. For 6 > a + 1, we require the use of the 
permutation matrix, Uab, 



/ 1 \ 

10 

10 

Vo 1/^^ 



where the operation of Hat on the tensor product Va VJ, permutes the ordering 
of the quantum spaces, 

Hab {Va (g) Vi} = Vb(8)Va 

Taking M = 4 in the following example, we can construct i?i3(s, t) explicitly as 
n23i?i2(s,i)n23. To scc this, consider its action on V2 V3 V4, 

Rl3{s,t){Vl (g> 1^2 ® V3 ® V4} = n23i?12(s,t)n23{V"l <» V2 (S V3 (S 14} 

= n23Rl2{s,t){Vl ® «) V2 (g) V4} 

= n23{i?(s, t){Vi ® Va) ® 1^2 ® 14} 

which is the required expression. Obviously we can construct i?24(s, t) similarly, 
i.e. i?24(s,i) = 1134 i?23(s, 4)1134, and Ri4,{s,t) can be constructed recursively 
from Ri3{s,t) or i?24(s,t), 

Rl4{s,t) = n34-Rl3(s,t)n34 
= ni2i?24(s,t)ni2 

Extending this procedure to general M should be clear. 

Intertwining relations. The i?-matrix satisfies the Yang-Baxter equation 
in the product of vector spaces Va Vb Vc, a, 6, c e {1, . . . , M}, 

Rab{si,S2)Rac{si,S:i)Rbcis2,S3) = Rbc{s2 , S;i) Rac{si , S3) Rab{si , S2) (3.83) 

Defining the separate auxiliary vector spaces, Va^ = C^, i € {1,2}, we now 
define the L-operator, 

L„a(s, t) = Rca{s,t) ,ae{l,..., M} (3.84) 
where Laa{s,t) € End(yc( Va), is referred to as a local operator. 

Remark. In the following we define vector spaces with greek indices as auxil- 
iary, and those with latin as quantum. 

By virtue of the Yang-Baxter equation we have the following intertwining rela- 
tion in Va^ Vo:2 Va, 

Raia2 (Sl, S2)Lc,ia{si, S3)La2a{S2, S3) = La2a{S2, S3)Laia{si, S3)Raia2 («!, S2) (3.85) 

Using the L-matrices we now define the global monodromy matrix, Ta{s,^ G 
End(14 Fi • • • Vm), as. 



T„(s,t)= ^j^lJ^ ) =Lc.i{s,h)...L„M{s,tM) (3. 



86) 
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It is customary to suppress the quantum rapidities, {ti, . . . , Im}, in the expres- 
sion of Ta{s), and in the expression of the operators A{s) , B{s) , C{s) , D{s) S 
End(Vi (g) • • • (g) Vj\/). Using the local intertwining relation, eq. |3.85| it is possible 
to apply a simple inductive argument to obtain the following global intertwining 
relation. 



(3.87) 



As a simple but illustrative example, consider the M = 2 case of the left 
hand side of the above equation (with suppressed rapidities). Realizing that 
i-operators with different indices commute, the proof is almost automatic, 

= Lc2l-tQi2 



— tQ2l-£'Qil-Raia2 
— Lct2l-^ail Raiot2 Lai2Lct22 



La22Lai2Raia,2 
-^CK2l Lai'lL(^22 ^ai2Raia2 
= -£'Q22-£'c.il 
— Tct 2 Tct I Ra 1^2 

The proof for general M involves almost no more work. 



Algebraic relations. Expanding eq. 3.87 in matrix form in the (auxiliary) 

space (g) Vq2 , 



R{si,S2) 



(3.88) 



/ A1A2 A1B2 B1A2 B1B2 \ 

A1C2 AiD2 B1C2 B1D2 

C1A2 C1B2 D1A2 -D1B2 

V C1C2 C1D2 D1C2 D1D2 I 

I A1A2 B1A2 A1B2 B1B2 \ 

C1A2 D1A2 C1B2 D1B2 , . 

AiC2 B1C2 A1D2 B1D2 "y"'^''^) 

V C1C2 D1C2 C1D2 D1D2 J 

we obtain no less than sixteen algebraic relations between the operators A, i?, C 
and D. 



Simultaneous eigenvectors. We now consider the eigenvectors of the XX Z 
Hamiltonian, labeled l^*^^), which are simultaneous eigenvectors of the trace 
of the monodromy matrix, tr^ {r„(s)} = A(s) + D(s), due to the following 
commutation relation, 

[H,tT^{Tc,{s)}]=0 (3.89) 

Thus finding the sought after eigenvector, l^**^), obviously hinges on our ability 
to solve the following eigenvalue equation, 

{Ais) + D{sm^') = I3is)\-f'') (3.90) 

where the eigenvalue, /3(s), is a general function involving s. 

The ansatz. The ansatz for the above eigenvalue equation is to set the eigen- 
vector as, 

I*''') = !*"(.?)) = B{si) . . . B(sjv)|0) ,N<M (3.91) 
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where, 



M 

The Bethe equations. Using the following formulas, 

M 

A{s)\0)=a{sm = l[[s-t,+l]\0) 

M 

D{s)\0}^d{s)\0) = l[[s^t,]\0} 

j=i 



and the algebraic relations obtained from eq. 3.88 it is possible to commute A{s) 
and D{s) through the product of B operators to obtain that \'^^ (s)) is only an 
eigenvector if the rapidities, {si, . . . , sn}, satisfy the system of transcendental 
Bethe equations, 

Specifying l^'jy (^/s) the eigenvector whose rapidities satisfy the Bethe equa- 
tions, we have the following eigenvalue equation, 

{A{s) + D{sm^^{s)p) = a{s) l[[s - t, + 1] + d{s) l[[t, -s + 1]] 

\ j=i j=i ) 

We are now ready to construct various fundamental objects of the six-vertex 
model using the algebraic Bethe ansatz notation. 

A familiar example, the DWPF. Defining the conjugate vector, (1|, as, 

{1| = (0, 1) (g) • ■ ■ (g) (0, 1) 

M 

and fixing M — N, the DWPF of the six vertex model, Zn{s,£), as defined in 
eq. |3.5| is also given by the following expectation value expression, 

where the rapidities {si, . . . ,S7v} are not required to satisfy the Bethe equa- 
tions. Note that this expression does not give a systematic way of deriving the 
determinant solution for the partition function. 

The scalar product. We now define the conjugate eigenvector, as 
the following product of C operators, 

= (0|C(ri)...C(rjv) (3.93) 

where, 

(0| = (1,0)®---(8)(1,0) 

M 

The scalar product, S^{r, s, f), is given as the expectation value of the general 
eigenvector and its conjugate, 

S'^ (r , s, = {r) I {s)) 

= {0|C(ri) . . . C(rjv)B(si) . . . B(siv)|0) 
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Generally, such expressions are quite hard to calculate exactly as they involve 



sums of (^jv ) t^rmt^ 
nant form for the sea. 
equations. 



In the following, due to Slavnov [29] we give a determi- 
ar product when one set of rapidities satisfies the Bethe 



3.4.2 Slavnov's determinant expression 

If the ra piditie s in the set, {si,...,SAr}, satisfy the system of Bethe equations 
given in eq. 3.92 then the expression for the scalar product (eq. 3.941 simphfies 
to a manageable determinant form, given by, 

S^^{r,S0,P) = {*^V'(r)i<(s-);3) 



ni<i< 



1 n ni'-^ - - ti] det (M,,)^^^, 

U=ii=i J 

(3.95) 



where the entries of the determinant are given by. 

Ma = 



h - Sj][r, - Sj + 1] 

(-1)'^ [-^ [n-U + l]-^ [Si-t, + l] 



Setting the variables as follows. 



(3.96) 



2Ai-i 2As, 2\ti 2A 

Ui — e , Vi = e , Wi — e , q = e 



and absorbing the numerator of eq. 3.95 into the determinant, we obtain the 
following, more useful form for the Slavnov scalar product. 



where the multiplicative factor is given by. 



det[U,jiu„v,w)]^ (3.97) 



{n:i. u.v.}"^ {u^U -4" n% (.'^. - n.,.<,,.fe - 

(3.98) 

and the entries of the determinant are. 



^ I M N M N 



-Ui + V 



k=l k = l k = l 



fc=l 



(3.99) 



{qUi - Wk) Y]_ ilVk - Ui) Y\ («j - ]^ {li^j - ""k) 



k=l 



k = l 
^3 



We now proceed to show that the scalar product, normalized appropriately, is 
a T-function of the KP hierarchy with restricted time variables as power sums 
in the rapidities {ui, . . . , wat}. 



^For exact details of this summation expression see eq. (IX. 1.3) in [28]. 
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3.4.3 Schur polynomial expansion of the scalar product 

Lemma 6. Using a method detailed explicitly below, an equivalent form to 

Slavnov's expression for the scalar product is given by, 

/ r 1 N 

SN(,u,vg,w) = T det\{hk-i{u))f^^~^ {Pk,j{v,w))^^^^~^\ (3.100) 

L ' '■'J i,j=l 

where l'^ = {-l)^^^r^, and, 

iV + M — 1 fc — 1 m.in{M,^} mm{M, 77} 

p^. = v7' E E E E 

i=k v=0 cx=max{0,i-N+l} (=0 

X _ q'^-^+^"-'^^ eM-a{w)eM-({w)eN-i-r,+c{^,'i>j}eN-i-i+a{v,Vj)v 

(3.101) 

Proof. We begin by expanding the entries of the determinant, Mjj (uj, v, w), 
as (symmetric) polynomials in v and w. In the workings below we label e„(uj) = 
en{v,Vj) for notational convenience. 

MM N N-1 

Yliui - Wk) = '^{-l)"u^~"en{w) (-l)''(9«»)"~^~"en(«3) 

A: = l Ti=0 k — 1 n = 

^3 



j 



k=l n=0 k = l n=0 

M M N A'-l 

Yl (qui - Wk) = i-l)" {qui)"~"e„{w} Yl - «i) = g"(-Mi)"~^~"e„(i)j) 



=0 fs = l n=0 

iV N-1 



k = l 

^3 



Using the above polynomial expansions, (— Uj + Vj)Mij{ui,v,'w) becomes, 

J2 (-l)'^"'+'"'+'"'+"'+"'?^+'^"'"'"'+"'""'e^i(w)e^,(w)e„i({),) 



mi,m2— ni,n2— 



^ /„,M+Ar-l-mi-ni M+W-l-7n2-n2 M+JV-l-m2-n2„ M+AT-l-mi-niN 

Performing the following change of indices, 

mi— >M — a m2— »M — f 
ni-»iV-l-/3 n2->iV-l-<5 

we obtain, 

M AT-l 
"*+^^' «,C=0/3,«=0 

X eM-Q(w)eM-c(w)eAr-i-/3(tij)ejv-i-5(wj) (u"'^'^v']^^ - i4+*l"+''^ 

Making the additional change in indices, a + P = ^ and ( + 5 = rj for obvious 
convenience we obtain, 

M N-l+aN-l+( 

M^^- = E E E 

X (-1) +^+''eM-a(w)eM-c(™)e]V-l-e+a({)j)eAr-l_^+<;({)j) 
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To deal with the denominator we consider the 2 cases, £,>'!] and ^ < 77, the 
case ^ — r] is trivially zero. 



Hence for ^ > ry, 



M N-l+a N-l+C 



E E E '/"-^-^ 



+ e-a + 2C 



Q,C=0 5=Q ?7=C 
i>'l 



= E E E^"""''^'""^''^-«-(«'«-») E 



(3.102) 



and similarly for ^ < ?y, 



A/ JV-l + aiV-l + C ( u''"^ 



E E E ^"-^-"^ 



Af 17-1 N-l + C 

EE E 

ci,C — ^ — a 17 — C 



(3.103) 



77-^-1 



Exchang ing the index labelling a ^ and ^ ^ 77 in eq. |3.103| and adding this 
with eq. 3.102 the matrix entry (u^, u, w) becomes the following, 



M JV-l+a f-1 C-i; 



E E EE'^"-^!'^^-" 



+2C-Q _ ^,,-5+2a-C 



(3.104) 



Eliminating the Vandermonde in {u}. We are now in a position to eliminate 
the removable poles (Vandermonde) in the w's. To complete this task we employ 
eq. |3.26| and perform the same row operations that eliminated the equivalent 
poles in the derivation of Lascoux's result, i.e. 



Ri Ri — Ri+i 
Ri Ri ~ Ri+2 



, j = l,2,...,iV-l 
, j = l,2,...,iV-2 



Ri ^ Ri — Ri^N-2 
R\ — > Ri — Rn 



i = 1,2 



Hence the scalar product (eq. 3.971 becomes. 



TK'I 1 1 
jv det 



Ea,C,«,„,^lE2_'^_j,j_^(w, w)/l„ + ^_jv(ttl, ...,Un) 
Eix,«,'7,-''^«,C,«,'7,-'('"'"')^';+''-(^-l)('^2, ■■■■,Un) 



r(j) 



(3.105) 



-> j^l....,N 



Clearing up the homogenous symmetric polynomials in {u}. Addition- 
ally, we wish to make all of the homogeneous symmetric polynomials functions 
of all the u variables. To achieve this we employ eq. |3.32| and again perform the 
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same row operations that cleared up the homogeneous symmetric polynomials 
in the derivation of Lascoux's result, 

R^ ^ R^ + hi{u,-i)R,-i , N,N -1,...,2 

R^ ^ R^ + hl(u^-2)R^~l , i ^ N , N - I, . . . ,Z 



Ri Ri + /il(Ui_(jV-2))-Ri-l 

Ri Rn + hi{ui)RN-i 



i = N,N -1 



Performing these row operations eq. 3.105 becomes, 

(1) 



Sjv (^1 ^1 — Tjv det 



(_l)i^^(^-i)TjV^det 



(1) 



J2 '^ix,«,r,,>.(«'"')'*'7 + '— 



(3.106) 



where we have exchanged rows i and N — i + 1 <i<7V, to obtain the second 
line from the first. 



Performing the convenient change of index, k = rj + p, we obtain the following 
expression for the scalar product, Sj^f (zT, w^g, w). 



(3.107) 

In order to complete the lemma we need one last result given by the following 
proposition. 

Proposition 24. 

M JV-l + aJ-l 5 JV + M-1 JV + A/-1 fc-1 mm{M,^} min{M,ri} 

EEEE-EEE E E 

aX = i = a ?7=Cfe = l+i7 '= = 1 ? = fc 17=0 a = ™aa:{0,C-iV + l } C=0 

Proof. We begin verifying this result by making k (instead of a and C) 
an independent variable. Since the largest value of ^ is TV + M — 1 and the 
lowest value of ry is 0, we immediately see that the allowable values of k as an 
independent variable are l<fc<iV + A/— 1. Additionally, analyzing the final 
summation on the left hand side, X]fc=i+)j; can obtain the allowable values 
of ^ and 77 for each value of k, 

fc = c,fc = e-i,fc = e-2,... 
^ e = fc,c = fc + i,...,e = A^ + M-i 

k — rj + l,k — rj + 2,k — rj + 3, ... 
=> rj = k — l,rj = k ~ 2, . . . ,rj = 



To discern the allowable values of a and we proceed in the same manner. 
Analyzing Y.fJa^"' and I]^=c respectively. 



C = = Q + 1,. 
( ^ ri,C = r] - 1,. 



,C = iV-l + a 
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Taking into account that < a, ^ < M, we obtain the forms, 

max{0, ^-7V + l}<a< min{JV/, C} , < C < min{M, 77} 
which completes the proposition. □ 



Thus eq. 3.107 becomes 



T' A/ ^ 1 
jv det 



iv det 



EJV + A/-1 , 1 ^\ ( -fe + v-^min 



=max{0,5-iV + l} 



Eminl 



"-«}i5.,C,«..(«,«.,»)^f'') 



'N+M-1 

hk~-i{u)pk,j(v, 

fc=l 



-I i,i = l 



(3.108) 



where Pk.j{v, w) is given in eq. 



3.101 



□ 



Applying the Cauchy-Binet formula to expand the above expression in terms of 
Schur polynomials in u we obtain, 



J2 det[/iA,+fc-i(u)]f,^i 



0<Ai<---<Aiv<i\f-l 



X det [p\^+,_^+k,j{v,w)]^^.^_^ 

{A}C(M-1)" 



(3.109) 



where, 



= det [pAjv+i_,+i,i(iT, 



(3.110) 



It is this form of the scalar product that we shall fermionize. 



3.4.4 Fermionic form of the scalar product 

As the above expression for the scalar product is an equivalent expression 
to Lascoux's form for the DWPF, we have the following result. 



Lemma 7. Eq. \3.10!^ is the bosonization of the following fermionic expression, 
exp } exp {f/"'"' } . . . exp {vifj^ } \0} t'^'^ (3.111) 

where the 's are given as, 



(M,N) 
) 

(A/,JV) 



= V^-iV'o + 5{i2} V'-2i/'oH l-(-l) V'-ivV'o 



~(M,N) 



N~(M,N) 



3{2}^V-l^/'l +5^2";" ^-2^^! H + (-l)™5j2a«-l}V'-ivV' 



~{M,N) 



N~{M,N) 



Y, 



(Af,JV) 



and the coefficients, sj*}'^^ 



(M.N) , are given by eq. 



3.110 



(3.112) 
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Proof. It is obvious that this result is analogous, but more general, to the 
equivalent result for the partition function. It is not surprising then that the 
method of proof will also be analogous. Before we start with the details however, 
it would be wise to address the issues that make this result slightly different from 
the result regarding the partition function. 

• The coefficients, g^^^-^^\v,w), are more complicated. 

• The allowable dimensions of the partition, {A} C (A/ — 1)^, are more 
general. 

In order to prove eq. |3.111| we shall explicitly address these two issues, and 
show how they can be overcome. 



The n eces sary Pliicker relations do not change. The main result from 
section 



3.3 



was arguably that bilinear sums of the coefficients, cj^j(v), simpli- 



fied into tfie required coefficient term using the appropriate Pliicker identities. 
The Pliicker identity results were possible due to the coefficients, C|^j(i/), being 
determinants of N x N submatrices of a larger {2N — 1) x N master matrix, 
given by (^^^^(■u)) ,=i 2n-i , 



k=l N 



g-1 



fc— 1 

(-1) eN-j+k-l{v) 



Our current situation with the new coefficients is obviously not terribly different 
from section i 



3.3 



as the coefficients, 9^^^xj^\v, w), are also determinants 



ofNxN 

submatrices constructed from the larger {N + M — I) x N master matrix, given 
by (pj,fc(w, w)) j=i,...,jv+M-i , 



+2C-Q 



k = l N 

Pj,k = 
?7-C + 2q-C 



JV + Af-lj-l min{M,5} 

:^ E E E 



min{i\'f,?7} 



I eM-a{'w)eM-c(w)eN-\-q+c{v, Vk)eN-l-i+a{v, Vk)v 



k 



Thus although the individual entries are obviously more complex, and the di- 
mensions of the master matrix are more general, we expect to be able to generate 
all the necessary Pliicker relations. This can be seen explicitly by labeling 7^ 
as the iV X 1 column vector. 



7m = 



(3.113) 



\ pp+i,iv(w,w) / 

which allows us to generate the coefficients through the determinant expression. 



(M,N) 



= |7Ajv>7Ajv-i+i> ■ • • ,7A2+iv-2,7Ai+iv-ij 



(3.114) 



Using this notation allows us to instantly generate the required Pliicker iden 

(M,N) 



titles. Simply replacing the coefficient cf^, (w) by the corresponding coefficient 



' argument shown in section 



3.3.1 



is essentially exactly the same, 
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leading to the base case result for the simplification of the sum of two bilinears 
in the coefficients, 

(Af.JV) {A/,JV) _ (A/.iV) (M,N) 

^ (M.iV) (M,iV) (d.LLt)) 

^ ^{<t>} ^{i2 + l, 11+2,231-1,132-31-1} 

for 0<li<l2<M — 2 and 1 < ji < j2 < N. Thus the multiplication of two 
general f(*^'^)'s gives the following required form, 

Y(M,N)y(M,N) _ V- (_^yi+J2-{M,N) ^b* ■ ib* ■ lb, ^, 

-^'2 ^ ^ y{i2 + l,ii+2, 231-1, 132-31-l}V^-J2^-Jl^ilW2 

l<jl<J2<iV 

(3.116) 

Using these results, we can again replace the coefficient C|^j(w) by the corre- 
sponding coefficient g^^^^-^^\v,w) to obtain the equivalent general result given 
in section |3.3.2| concerning the simplification of a sum of a general number of 
bilinears in the coefficients, 

p— 

for < < • • • < ^fe < Af — 2 and 1 < j i < ■ ■ ■ < jk ^ N , and the partition 
labels, (Tp {{X}k-i), are given by eq. 



3.76 



An immediate consequence of eq. |3.117| is the following result concerning the 
multiplication of a general numbers of F'^^^'^^'s, 

y/-'-) . . . y/---' = ^ (-D-^-^^-^Cr . . . ^-.1^.1 . . . 

l<jl<-<Jfc<iV 

(3.118) 

which shows explicitly that despite the more general nature of the coefficients, 
the required Pliicker relations are still generated. This allows us to consider the 
next issue. 

Generalizing the dimensions of the partition. Realizing that all the re- 
quired Pliicker relations are still intact, we are now in a condition to consider 
the multiplication of all the generators, 

e-o<--' . . . e-ifi2"' = (y J-"' - • • • , vL^'j^) 

fc=0 

M-l 

= 1+ ^ Y-^(M,]V) y.(A.I,JV) 

fc = l 0<;i<---<ifc<A/-2 

Applying eq. |3.118| the above expression becomes, 

AI-l 

1+ E E E (-ir^---^^'^-C>-----^-.i^'i---V'^^- 

fc = l 0<Ii<---<ifc<A./-2 l<ji<--'<jfc<iV 

(3.119) 

Examining eq. 3.119 we notice that considering M — 1 generators (as opposed 
to iV — 1) has accomplished two things. 

• The summation term Y.o<h<-<u<M^2T.i<j^<-<j,<N generates every 
possible fermionic expression that corresponds to a partition with k hooks, 
contained within the partition {(M — 1)^}. 
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• Since 1 < k < M —1, this immediately means that all the partitions within 
the rectangle {(M — 1)^} are generated. 

Thus we have successfully generalized the dimensions of the partition. 

Bosonization. Having explicitly addressed the issues of generalization of the 
coefficients and the dimensions of the allowable partitions, we now apply the 
boson-fermion correspondence to eq. |3.111| We recall that eq. |3.118 



assures us 

that each fermionic expression is accompanied by the required coefficient and 
sign, thus we obtain the result, 

Tiv^M« <0! exp {//+(£)} e^o ...e^M-^ |0) 

fc=l 0<!i<-'-<ifc<M-2 l<ji<-'-<jfc<iV 



(M,N) ,^-.\ 

X 9\x}^ X{A},(a;)j 
=T]v 2^ '{v,w)x{x}(x) 

{A}C(M-1)« 

Restricting the time variables appropriately. 



-* • • • ,"iv) , i e {1,2, . . .} 



we obtain, 

VA/ (A/,iV),„| f rr f ^ ^1^%"' |n\ 

Tiv 5{^} {0\exp^H+l^Pj(u)]jeo ...eM-2 |o) 
=Tjv 2^ g\x} '{v,w)S{x][u) 

{A}C(M-1)« 
^§.^1^ {u,Vj3,w) 

which completes the lemma. □ 

3.5 KP tau-functions and fermions 

This section contains classical results (found in [17, 18]) that algebraically 
show that the above form of the DWPF and scalar product, as a fermionic inner 
product, is by construction, a r-function of the KP hierarchy. 

Further fermionic definitions. We first define the following generating sums 
of the free fermions. 

Applying the anti-commutation relations, and the Baker-Campbell-Hausdorff 
formulqjwe obtain the following, 

e^+<"V(fe)e"'^+*"' = exp I ^ I V(fc) 
e^+("V*(fc)e"'^+'"' = exp I - ^ I i,*{k) 



6eH(S)xe-"(^) =X + [H{x), X] + j, [H{x), [H{x), X]] + ^ [H{x), [H{x), [H{x),X]]] + . 
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Considering the inner product expression, {0\ip{ki)ip* {k2)\0) , we obtain the fol- 
lowing geometric simplification, 

-1 

ni ,ri2 — — oo 

ni — ~oo ^ ' rii — (J ^ ' 

ki — k-2 

Generalizing the above expression using Wick's theorem we obtain the following 
determinant expression, 

(o|v(fci)...^(M^*ai)...^*fe)|o) 

= J2 sgn{a){OWk^)r{l.^m■■■{Omkp)r{l.,m 



ki Ij / - j^-^ 



where the last line is due to Cauchy 's identity. By an analogous argument we 
have, 

{0|i^*(fci)V(fc2)|0) = 
which has the following generalization, 

{o\r{k^)...r{kr,mi)...Hip)\o} 

= J2 sgn{a){0\i,*{ki)^{l.,m...m'{kpmi.,M 
o-eSp 

{r,\ / ni<.<,<p(fc.-fc.)fc-^o 

This leads us to the first of two necessary results. 
Proposition 25. 

(0|^S^(A)= (0|exp{-Er=i;ix^^n}= (OK'^f^) (3.121) 
(0|V^_i^*(A)= A(0|exp{Er=i;rx^^«}= ^(01^'^'^ (3-122) 
Proof. In order to verify eq. |3.121| it is enough to show that, 

{OlVoXA)V'(fci) . . . HkpWih) . . . nipM 
=(0|e-''(^V(fci) • • • V(fcp)V'*Oi) • ■ • ^*fe)lO) 

for general p E N. 

Focusing on the right hand side of the above expression and inserting e'^^'^'e"''''^^ 
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in between the generating sums we obtain the following rational expression, 



(0| 



-h(\) 



h(\) 



-h(X) 



h(X) 



-h(\) 



ip*{lp)e 



X e-''(^'|0) 



= n 



{o\ij{k,)...^{kp)r{h)---r{ipm 



X-L 



Yll<i<j<pi^i kj){lj k) 



Focusing on the left hand side, we use the fact that tj)Qxj}{k) = 1 — tp{k)tpo to 
commute the iJjq operator to the right hand side of the inner product expression. 
We label A = fco in the workings below for notational convenience, 

(OlVoV'(fco)V(fei) • • • ^{kp)ij*{h) ...ill* (Zp)|0) 
=(0|V'(fei) . . . i>{kp)tl>*ih) . . . •!/'*(/p)|0> - (0| i>{ko)^oi^{ki) . . . ip{kp)^*{h) . . . i>*{lp)\0} 



^(-1)^ (oiv'(fco) . . . ^{kj-i)^{kj+i) . . . ^p(kp)r{h) ■ ■ ■ nipM 

i=l / l<i<j<p 



' YTj^l^riko - kj 



i)Yl^<i<i<p {ki - kj)\ I 



"n?=i(A-«^)nL=ifr-/.) 



n iki-kj) 



0<i<j<p 



Y[{kr-h) 

J=l 



We now concentrate on the term contained within the curly brackets. Expand- 
ing the {Zi, . . . , Ip} variables in terms of elementary symmetric polynomials we 
obtain. 



0<i<i<p 



W {kr Ij 



L)=i 



:£e.(z)£(-ir(-fe.r 



s=0 r=0 



n iki-kj) 



0<i<j<p 



We now claim that all terms in the above sum for s 7^ are equal to zero. To 
show this we express the product as a Vandermonde determinant, 

Ylo<i<j<p{ki — kj) = det (kj) i=o,...,p-i , and the sum becomes the following 



determinant expansion expression. 



f^(-l)'-(fc.r-Met (kl 



i=0,...,p-l 
j=0,...,r,...,p 



det (k 



l<s<p 
s = 
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Hence we obtain, 



0<i<j<p 



J = l 



det 



V Vi j=0,...,; 



n (k'-kj) 

l<i<_7 <p 



(3.123) 



which completes the verification of eq. |3.121[ 

To verify eq. [3122] we wish to verify the following expression, 

(oiv-iv^'(A)v>*(fci) . ..rikpmii) . . . v(/p)io) 

=A(0|e'^"=^V*(fci) • • • • • • ^{lp)\0) 

Focusing on the right hand side as before we obtain, 

^ V ' " V ' ^ V ' 

<=xp{-E~^i i(if)"}</.-(fci)<=xp{-E,T=i Jr(if)"}'A-(fc2) cxp{E~=i i(^)"}'*('p) 

10) 



Vj=i 



X-L 



nr,,=i(^! h 



Focusing on the left hand side, we use the fact that ip_iip*{k) = k — ip* {k)il!_i to 
commute the tjj^i operator to the right hand side of the inner product expression. 
We label A = fco in the workings below for notational convenience, 

{0|^-iV*(feo)V'(fci) • • • ^'{kpMh) . . . ^{lp)\0) 

=feo(o|v*(fci) . . . rikpMh) ■ ■ ■ ^{ipM 
- (o| iA(fco)^/'-it/'*(fei)...v*(fcp)V'(/i)...V'('p)|o) 



J2i~iYkj{0\r{ko) . . . r{kj-i)i>*{kj+i) . . . rikp)i>{h) ■ ■ ■ HlpM 

Ilk) n ih-i^^^^'^'^'^"^^''^'^^ 

i— / l<i<j<p 



=A 



(nr=ifcOn 



1 <i< J <p 



m=i(A-/.)nL.i(fe«-^.) 



n ^^^-^^ 



0<i<j<p 



\j=i 



A - 
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where we have applied eq. |3.123| to proceed from the second last line to the last 
line. This completes the proof of the proposition. □ 

We now focus on the second of the two necessary results. 

Proposition 26. For any X G gl{oo) and \a), \(3) G F, we have the following 
relation, 

^e-^i/.„|a)®e-^^/>:i/3) =^Vne''!a)®Ce-^l/3) (3.124) 

ngZ ngZ 

Proof. Let us focus on the left hand expression and commute ipn/il'n to the 
left using eq. |3.62| and the Baker-Campbell-HausdorfF formula, 



X 

e 



1 mi GZ mi m2 

1 migZ mim2€:Z 

We now group the powers of the coefficient, a, to obtain, 

neZ nGZ 
+ I ^1 Vma ® V'n — aminanm2V'mi ® Vma 

+ "^^^i^l^^. ® V';;2 } ® + ■ • ■ 

^ e'^Vn ® e'^'An = ^ ^^e^ (g) V'^e^ 

nSZ nGZ 

1 i^iy-" \- [tj \ 

+ 2^2^ fc! (i-fe)! ^ Ml«-.-".-i| (3.125) 

where we have labeled mo = Zq = in the above equation. It is obvious that 
we need to verify that the summation over the dummy index, 1 < j < cxd, is zero. 

To accomplish this we perform the following change of indices for each indi- 
vidual value of j and fc, 

n ^ Ij-k mi ^ Ij-k+i 

h ^ Ij-k-i rn2 ^ lj-k+2 

I2 ^ lj-k-2 '■ 

: mfc ^ Ij 

Zj-fc , 'iziiii J — fc even 

I j-fc-i ^ I j-fc+i j — k odd 
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Doing this, the aforementioned summation over j in eq. |3.125| becomes, 

j = l \k=0 ' ''J ti...ljeZ \r=l / 

= tor all j=^0 

We can see immediately that the above summation equals zero for all j ^ by 
expanding the series, e^'.e^'* = 1, 

knowing that all terms s^, j > 1, are equal to zero, which proves the proposition. 
□ 

The above proposition also implies that for Xi, X2, . . . , e gl{oo), and 
g = e^^e^^ . . . e^" , then we have, 

J2 9^rr\a) ® = J2 i'^gla) ® ^nSl/^) (3-126) 

nez nez 

Additionally, with the choice |a) = \/3) = |0), then the above expression becomes 
zero, 

J2 fi'V'niO) ® ffClO) = ^ VnfflO) ® CfflO) = (3.127) 
nez nez 
due to either V-'n|0) — 0, or i/'nlO) = 0, for all values of n E Z. 

We now put all the results together to show that a r-function of the form, 

t{x) = (0| e^p{H+{x)}g\0) (3.128) 
satisfies the KP bilinear hierarchy. 

Proposition 27. Any inner product expression of the form \3.128\ obeys the 
following bilinear relation, 

w/iere e(i) = (i, 2X2,-.-)- 

Proof. Beginning with the right hand side of eq. |3.127| and applying 
(0|'i/'oe^+*-^-' (S" (O|'0-ie^+'-^ -* we obtain the bilinear inner product expression, 

0=^(0|V.o*e^+<^^Vn5iO){Oi^_ie^+(^^''^:5|0) 



nez 

dX 



2TviX 



{0\roe"+'-'^i>{X)9\0}{0\^-ie"+^'">rW9\0) 



Commuting the generating sums, ■i/'(A)/^*(A), with the operators e^+'^^)/e"^+*^^ 
using eq. |3.120| we obtain, 

° ^ / ^°^P - a;;)A4 {Oi^oV^(A)^e^+'-^)giO) {0|^-iV>*(A)^ e^+'-^')ff|0) 

use cq. |3.121| use cq. |3.122| 

= ^ ^ exp I fj(:cn - :c;)A" I (0| cxp (^f - ? ) I 3IO) 

X (Oiexp|i/+ (5^ + ^(l))\g\0) □ 



Chapter 4 

The trigonometric 
Felderhof model 



In [31] Felderhof diagonalized the transfer matrix of Baxter's [77, 78] free- 
fermion eUiptic eight vertex modeQ The aforementioned transfer matrix is 
expressed in terms of fermionic operators, which leads to an easy survey of 
eigenvalues and eigenvectors. The model in question was studied earlier by Fan 
and Wu [79, 80] in the context of deriving exact and approxiamte solutions for 
the free energy of the model under periodic boundary conditions. The analysis 
by Fan and Wu relied on the earlier work of Kastelyn [81] where the periodic 
partition function can be expressed as the summation of dimers on a lattice. 

Further studies were conducted by Felderhof in [32, 33] which generalized the 
model and placed it in the presence of fields (where the fields were effectively 
parameterized by colours, in the same sense that temperature is effectively pa- 
rameterized by the rapidities), whilst remaining free-fermion, hence the ferm- 
ionic operator methods found in [31] still applied. In [34] the trigonometric limit 
of the Felderhof model was found to be one of a hierarchy of coloured vertex 
models. In [35], the hierarchy was extended to coloured elliptic height models. 

In this section we focus solely on the trigonometric limit of the Felderhof coloured 
vertex model found in [32, 33]. This corresponds to the spin-^ vertex model of 
the hierarchy found in [34], and as such, we shall use the convenient parame- 
terization found in this paper. Being a spin-^ model this section shares much 
similarity with the six- vertex model considered in the last section. This should 
come as no surprise as taking a specific limit of the colour variables recovers the 
free-fermion six- vertex model. 

The analysis conducted by Felderhof was under periodic boundary conditions 
(PBC's). We now concern ourselves with DWBC's and perform a similar 
Korepin-Izergin analysis found in [13, 14] for the derivation of the DWPF. 

4.1 Defining the model 

Lattice lines - rapidities and colours. Consider a.n NxN lattice of vertices, 
with horizontal rapidity flows £ C, I < i < N , which flow from left to right, 
and vertical rapidity flows vj E C, 1 < j < N, which flow from bottom to top. 

^The eight-vertex model is a generalization of the six- vortex model, where, in order for the 
transfer matrices of the model to commute (to ensure integrability), one must parameterize 
the weights by elliptic functions rather than the usual trigonometric, due to the additional 
two allowable vertices. For a detailed introduction to this model see Chap. 10 of [39] 
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Additionally, associated with each horizontal lattice line is the colour variable 

ai G C, 1 < i < N, and associated with each vertical lattice line is the colour 
variable l3j eC,l<j<N. 

«i "1 ^ 



aN%^ 

t t 

Pi Pn 

Figure 4.1: The N x N lattice with rapidity and colour flows. 



Allowable vertices. Each of the iV^ vertices contains 4 arrows (state vari- 
ables) either pointing up or down (left or right). We define the allowable vertices 
as those shown in fig. |4.2| which are of the same configuration as the six vertex 
model. 




0); (Oj (O3 CO4 CO5 (Og 



Figure 4.2: Labelling of the 6 vertices 



Boltzmann weights. As usual we assign a specific algebraic Boltzmann weight 
to each vertex, labelled as coi, i — 1, . . . ,6, which for an inhomogencous lattice, 
the algebraic weights are dependent on the horizontal and vertical rapidities, 
{ui,Vj}, in addition to the horizontal and vertical colours, {ai,Pj}. 

Generally the colour variables appear in a non trivial manner in the weights, 
unlike the rapidities which always appear in the form Ui — Vj . 

The specific parameterizations of the six weights are given as the following, 

Xa,l3{u 



~v)\\^ uJi{a,l3;u-v) = 1 - a/Je""" 

~v)22— a;2(a, /3; u — w) = e"^^ — a/3 

— v)\\— us^a, f3;u — v) = /3 ~ ae"~^ 

- v)ll = uji{a,l3;u- v) = a - /3e''"'" 
-v)\^= W5(a,/3;u- w) = e"- Vl - « " Z?^ 
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Figure 4.3: Parameter labelling for vertex Xa^piu — f)^^'^!- 



Free fermion model. By definition, the model that we are deahng with 
is considered a free fermion model as the (homogeneous) weights satisfy the 
following algebraic expression, 

This has long standing implications for the inherent complexity of the model 
[82 r] as we shall see shortly. Additionally, when a = P — i we obtain the usual 
freefermion six vertex model in the absence of external fields. 

Coloured Yang-Baxter equation. These weights satisfy the following coloured 
Yang-Baxter equation, 

91,32,a3S{1.2} 

EV / \^2^3 / \^^193 ( \9\Q2 

^(12 ,Q3 [^'2 ^3 j 93 92 ,Q3 1,^1 ^3 Jg3 ^ ai ,a2 1^1 ^2 jg2gi ' 

91.92,93e{1.2} 

which we shall employ in the following sections. 

Domain wall boundary conditions. DWBC's, as in the last section, cor- 
respond to the top and bottom-most arrows pointing inward, and the left and 
right-most arrows pointing outward. 



<^ 


^ \ 


' \ 


^ \ 














<^ 










<^ 
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V / 


V / 


N / 





Figure 4.4: Typical example of DWBC's 



Domain wall partition function. The DWPF Zjv, as always, is defined as 

^In the aforementioned work, Baxter showed that the free-fermion six-vertex model is 
equivalent to variations of the well studied Ising model and as such fundamental quantities 
(partition functions, etc.) of the six-vertex model can be expressed in terms of those of the 
regular square lattice Ising model. 
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the sum over all allowable weighted configurations of the N x N lattice that 
satisfy the required DWBC's, 

ZN{u,v,d,0)= ^ I Y[ ^c,i,gj{ui-Vj)\ 

allowable \vertices / 
configurations 

Condition on rapidities for remainder of the chapter. For the remainder 
of this chapter we require that the difference of rapidities, Ui — Vj, is equal to 
an integer multiple of 27ri, 

Ui — Vj = 2n7ri , i,j £ {1, . . . , A''} , n G Z 

Given this condition, the dependence on the rapidities for the weights drops 
away and we are left with weights dependent solely on colour variables, 

u)i{a, P;2mTi) = uj2{a, P;2mri) = 1 — a/3 

u)3{a, (3;2mTi) = —u)4{a,p;2mTi)= (3 — a 

L05{a, P;2mri) = u)Q{a, (3;2n'iTi) = \/l — o?\J'^ — 0^ 

Therefore, for notational convenience we make the allocations, 

a;i(a, /3; 2n7rz) = 0)2(01, 0;2mri) = a{a,P) 

W3(a, /3; 2n7rz) = — W4(a, /3; 2n7ri) = b{a,l3) (4-2) 

a;5(a, /?; 2n7rz) = ujQ^a, j3;2mTi) = c{a,P) 

We now concern ourselves with the partition function. Firstly we derive the 
determinant form of the DWPF for the model using the method given in [13,14], 
and then use a standard technique devised in [36] to find the homogeneous limit 
of the DWPF. We then give some interesting properties of the homogeneous 
DWPF involving the 2-Toda molecule equation. Lastly however, we show that 
the determinant form ultimately exists as a Cauchy determinant, and hence we 
obtain a product form for the DWPF. 

4.2 Determinant form of the DWPF 

We now follow the work of [13] by presenting the corresponding four proper- 
ties which uniquely determines the closed form determinant expression for the 
DWPF. 

4.2.1 Korepin-like properties and derivation. 
Property 1. The initial condition is given as, 

Zi(ai,/3i) = c(qi,/3i) = ^l-af^l-pf 

Proof. Simply let TV = 1 and we see that the DWBC's demand that the ar- 
rangement of the entire lattice is a single coq vertex. □ 

Property 2. ZN{d,p) is a polynomial of order TV — 1 in and i,j G 
{1, . . . , N}, up to a factor of -^1 — a? and w 1 — /3? respectively. 
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Proof. It is elementary to notice that the DWBC's force each row (column) of 
an allowable configuration to contain an odd number of c vertices. □ 

Property 3. Zjv(a, /3) is a symmetric function in each set of colours, {a} 
and {(3}. 

Proof. Consider the graphical representation of Z]\[{d, (3)u!i{ai, ai+i), 1 < 
i < N — 1, as shown in fig. 4.5 We notice that since state variables gi and 52 
are fixed (all other configurations produce non allowable vertices), we can use 
the Yang-Baxter equation to shift the intersection of and a^+i through to 
the left side of the lattice as shown in the diagram. 



When this process is complete we notice that what remains is the partition 
function with colours ai and cti+i exchanged, (since state variables and 54 
are fixed), multiplied by uj2ioii,ai+i). We can now achieve this result for any 
permutation of the {a} colours by performing this process the required number 
of times. The method of the proof for the {(3} colours is equivalent and involves 
applying the Yang-Baxter equation along the columns instead of the rows. □ 



a, — ^ • 

a,— ^ ■ 

a. — ^ . 

a,., — ^ . 

aN-i — ^ ' 



t 
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a, — ^ 
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a,— ^ 
a,-, — ^ 
a»-,— ^ 
a„ — > 



a, 

a,— ^ 
a, — ^ 
a,.,— ^ 

Qn-i — ^ 
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/ \ 
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Figure 4.5: Graphical representation of Zpf(d, f3)uji{ai, ai^i) and the subsequent Yang- 
Baxter procedure 



Property 4. Fixing the colours such that aiPi = 1, we obtain the follow- 
ing recursion relation, 

ZN{dJ)U,i3,^i =(-l)^-^c(ai,/3i)U,^,^i 1^6(01, |nfe(Q.,/3i)| ^^^^ 

X ^JV-l({a}ig{2,...,JV}, {/?}jG{2,...,]V}) 
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Proof. First wc notice that the vertex at position (1,1) is forced to either be 
an LV2 or an uiq due to DWBC. The condition, aiPi = 1, further speciaUzes this 
vertex to an we, as an W2 vertex under this condition is zero. With the vertex 
at (1, 1) forced to be wg, we notice that due to the DWBC's, the entire first 
row is fixed into one string of vertices and the entire first column is fixed 
into one string of W4, vertices. The remaining {N — 1)^ vertices are arranged 
(almost miraculously) into exactly the Zj^-i configuration with colours ai and 
(3i missing. □ 



Oi — ^ 

a, — ^ 
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Figure 4.6: under the condition ai/3i = 1 



We now show that the above properties uniquely determine the DWPF. 

A result regarding the Korepin-like properties of Z^. 

Proposition 28. The above four properties uniquely determine the DWPF of 
the trigonometric coloured Felderhof vertex model. 

Proof. Wc proceed by assuming that there exist two expressions which 
satisfy the above four properties, the partition function Z^f (a, (3) and an entirely 
different function Z^((3, /?). By property 1 we obtain the base case, 

Zi(ai,/3i) = Zf (ai,/3i) = c(ai,/3i) 

Let us now assume that the two expressions are equal up to some integer N , 
and prove the N + 1 case. 

From property 3 both expressions are symmetric in the {a} = {ai, . . . , aAr+i} 
variables and the {/3} = . . . , Pn+i} variables. From property 2 both expres- 
sions are order polynomials in ai and up to a factor of yjl — a\yjl — 01. 
From property 4, and the fact that Zt^ = Z^, we can obtain the value of this 
polynomial at the A'' + 1 points, 

6(Qi,/3^)=0,z,je{l,...,iV + l} 

and similarly with which provide the necessary equations to obtain the co- 
efficients of the determinant. □ 
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Determinant form for Zn. Following the work of [14] we now present the 
following determinant solution for the N x N DWPF, 



Ul<i<j<Ni^i - ^ ft) 



X 



JV 



nvi-"?vi-/3i det 



1=1 



1 

(a.-/3,)(l-Q./3,) 



(4.4) 



and show that it satisfies all four of the required properties. 

Verification that Zn satisfies the Korepin-like properties. 

Verification of property 1. This is the most obvious case, simply taking 
A'' = 1 in eq. |4.4| is sufficient. 

Verification of property 2. We wish to show that Zn is a polynomial of 
degree — 1 in ai with a factor of y^l — a\, (we only have to verify for ai due 
to condition 3) . 



First we note the expficit factor of yj\ — a\ in eq. 



4.4 



In order to show that 
the remaining part of eq. 4.4 is a polynomial of ai and not a rational function, 
it suffices to show that the poles have zero residues. The first poles are located 
at the denominator of the determinant, 

lim (ai-/3,)(l-ai/3,) 

or ai^j^l 

However, it is quite obvious that these poles are always cancelled by the numer- 
ator of the partition function in the limit. 

The second pole comes from the denominator of the partition function, 

JV 

^lim ]^(ai - Qfi) 

2 < i < N i = 2 

However, a close examination of the determinant reveals that this pole would 
indeed be cancelled by the zero that would occur from rows 1 and i being ex- 
actly the same in the determinant. Thus, Zpf(d,f3) is indeed a polynomial in 
ai (with a factor of -y/l — af) as opposed to a rational function. 

To find the degree of this polynomial we note that the numerator is of order 2N 
in «!, while the denominator is of order (TV — 1). In the determinant, we note 
that the only place that ai appears is in the first row, hence the determinant is 
a polynomial in the denominator. Thus eq. |4.4| is a polynomial in ai of order 
2N — {N — 1)— 2 = N — 1. A similar analysis can be done for /3i. 

Verification of property 3. To see that Zn is symmetric in {a}, we simply 



exchange at with aj, i ^ j, in eq. 4.4 The numerator is invariant under this 



process, but the denominator obtains up a minus sign. To the determinant how- 
ever, this process is equivalent to exchanging two rows. When we interchange 
these two rows back in their original order we obtain an additional minus sign, 
thus leaving eq. |4.4| invariant. It is an equivalent process to show that Zn is 
symmetric in {/?}, but this time we obviously switch the columns of the deter- 
minant. 



138 



CHAPTER 4. THE TRIGONOMETRIC FELDERHOF MODEL 



Verification of property 4. Finally, we wish to show that eq. 4.4 obeys 
the recursion relation. In order to do this, we shall split the multiplicative 
factor of eq. |4.4|into those parts that contain ai and pi and those that do not. 



Zn{S,P) =(ai - /3i)(l - Qi/3i) Jl - afJl - Pl 



nf=2("i-«.)(/5.-A) 



X det 



n\/i--?\/i-/5? 
1 



n 



2<i<j<JV 



(a, - Qj)(/3j - ft) 



(Q.-ft)(l-a,ft) 



Absorbing (1 — cki/3i) into the first column (equivalently row) of the determinant 
and taking the limit ai/3i — *■ 1, the entries of the first column of the determinant 
evaluate to zero except for the first entry. 



lim (l-ai/3i)det[<;/>(aT,,/3fc)] 



{ai-/3i) 





(ai,/32 



"(qi-/3i) 



<^(Qiv,/32) ... 
det [0(ai,/3j)]5=2 



(qi,/3a 



(ajv, /3iv) 



where. 



(a.-ft)(l-a,/3^) 
Additionally, taking the limit in the multiplicative factor we obtain. 



lim 



= (-1)' 



J=2 



n;=2(ft-/3i) 
(ai-ft) 



Therefore putting everything together we obtain exactly eq. |4.3| which verifies 
that eq. 4.4 satisfies the four properties. 



4.2.2 Homogeneous lattice and the 2-Toda molecule equa- 
tion 

In order to find the homogeneous partition function, we let the vertical and 
horizontal colours be parameterized by the the same variable respectively. 



a, ^ Q , ft ^ /3 , 1 < j,j < iV 



(4.5) 



The method in which we do this requires a little explaining, because simply 
taking the limit leads to some obvious unresolved singularities. We will first 
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deal with the a's in each row. 



Setting ai — > a we obtain for the partition function, 



Zn = 



n 



2<i<j<N 



{aj - at) U.i<i<j<Nif^i - Pi) 



n,l2(ai-a) 



dct 



0{Q,l3j) 



3 = 1 



j = l,...,N 



Eliminating poles by expanding entries of the determinant. Using 
a2 = a+{a2 — a), entries in the second row of the determinant can be expanded 
using the translation operator, 



(p{a + {a2 - a),Pj) = exp{(a2 - a)da} (t>{a,Pj) 
= 53 -f (0:2 - a)"d2(l>{a,l3j) 



(4.6) 



hence the first two rows of the determinant are now, 

p{a,fij) + (02 - a)da(j>{a,l3j) + ... j^.^j 

Subtracting the first row from the second row and taking out a common factor 
of (a2 — a) from the second row, the entries of the second row become. 



00 ^ 

V -. (a2 - a)""^a2</'(a, /3j 

^ — ' r).\ 



Noticing that the denominator of the partition function contains one factor of 
(0.2 — ct) , we can now eUminate this potential pole with the factor that has been 
extracted from the determinant, thus allowing us to take the limit a2 — » a. 



Zn — 



nt3nf=iK-/?.)(i-«ift) 

\{z<i<j<Ni<^j - "fc) ni<i<j<iv(A - Pi) 

vr^nf=i(«-ft)(i-«A) 



N 1 I N 



3=1 



dct 



il=l,2 

2=3 N 



J j=l,...,JV 



Following the same procedure for the third row of the determinant, the first 3 
rows of the determinant have the form, 

(^(a,/3j) 

Subtracting the first and second rows (with appropriate factors) from the third 

row, and then taking out a common factor of ^i" ^^'^ eliminating it with 
the same factor on the denominator, the partition function in the limit as — > a 
becomes, 



1 nf=4n7.i(«.-ft)(i-«.ft) 



2!n 



4<i<j<N 



{aj - ak)Y[i 



<i<j<N 



vr^n;=i("-.g.)(i-^/3.) 



(A-/3,) 

3 

dct 



JV 



1=4 

aii"V(Q,/3fc) 

<^(ai2,/3fe) 



il = l,2,3 
2=4,.. .,1V 



j=l,...,JV 
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Continuing this procedure now to row N and eliminating all of the poles in {a}, 
we obtain, 



^ (3 3 ) [9'^-''t>{a,f3j)] . 

lll<i<j<N\Pi~ Pi) U,j=l,...,N 

which takes care of the limit ai^a,l<i<N. The limit Pj ^ (3 , 1 < j < N, 

can obviously be performed in exactly the same manner, but this time instead 
of dealing with rows, we deal with columns. First however, we need to take out 
the negatives in the Vandermonde expression, 

N(N-l) 

Ul<i<i<NiPi - Pj) Ul<i<^<N{f3j - Pi) 

Therefore, going through the exact same procedure in order to take the limit, but 
this time with columns instead of rows, we obtain the DWPF with homogeneous 
weights, 

[n:L->!] ^ ^ (4.7) 



X {{a - /3)(1 - a/3)}^'det Id^'dy'^ia, P)] 

L U,j=i,...,N 



Properties of the homogeneous lattice. It was shown in [37] that the 
determinant solution of the homogenous six vertex model, which contains one 
parameter, is a r-function of the 1-Toda molecule equation. We now proceed to 
show that our current homogeneous determinant solution is a r-function of the 
2-Toda molecule equation. 

In order to make the connection however, we need to introduce some addi- 
tional definitions which ultimately lead to the bilinear Jacobi determinant iden- 
tity [20,83]. 

Cofactors. Consider a matrix A = {aij)i<i_j<„ whose determinant is D. The 
cofactor A^j with respect to Uij is the determinant of the matrix obtained by 
eliminating the ith row and the jth column from A, multiplied by (— 1)'+-'. 
Given this definition, single row and single column Laplace expansion of D can 
be respectively expressed as, 

n 

D=^aijAij ,j€{l,...,n} 

(4.8) 

= ^aijAy ,jG{l,...,n} 
These are special cases of the orthogonality relations, 

n 

(4.9) 
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In order to prove the orthogonality conditions, note that \i j ^ k or i ^ k re- 
spectively, then the corresponding determinant has repeated rows or columns. 

Additional notation. The {n — l)th-order determinant obtained by by elim- 
inating the jth row and the fcth column from an nth-order determinant D = 
det(aij)ij=i^...^„ is called the (j, fc)th minor of D, which we shall denote as 
i? [^]. As defined above, the cof actor Aj^ equals -D [^] multiplied by the sig- 
nature (-1)^+'=. That is, 



Ajfc = (-1 



D 



where, 



D 



(4.10) 
(4.11) 



= det (a,j) i=i,..,j-.,,.,„ 

j = l,...,fc,...,n 

In the same way, we denote the {N ~ 2)nd-order determinant obtained by elimi- 
nating the jth and fcth rows and the Ith and mth columns from the determinant 
Z? as D 1^ ^ I . This notation naturally leads to the bilinear Jacobi determi- 
nant identity given below. 



Bilinear Jacobi determinant identity. 
Lemma 8. 

D 



■ n- 1 ■ 


D 


n 


- D 


■ n- 1 ■ 


D 


n 


= D 


n — 1 n 


n- 1 






n- 1 






n 




n 






n — 1 n 



D (4.12) 



Proof. We begin by considering the product of the general nth order deter- 
minant D, and a peculiar nth order determinant of cofactors, which we denote 



by 



0(n— r) X r 



D 



A(22) 



J{7i — r) Xr 



^11 Ai2 
A21 A22 







(n — r) X r 



A(i2) 

A(22) 



(4.13) 



where 1^ is the r x r identity matrix, 0(„_r)xr is the (n — r) x r zero matrix and. 
All = {ai 



-'»JAj=i... 

A21 = (aij) i=T+i.. 

3=1..-. 

/ Ar+1,1 
V A, 



A12 = (aij) i=i... 

j = r+l, 

A22 = (a»j)i 



, (22) 



A„,, 



j —r-^-l. . . ,n 
I A,- + l,r+l 

\ Ar+l,n 



Aj^ 7^ 



Therefore, expanding eq. 4.13 we obtain. 



All A12 
A21 A22 







(n — r) X r 



All yliiA(i2)+4i2A(22) 

A21 .l2lA(12)+^22A(22) 



(4.14) 



Focusing on the entries in the top right hand corner we have the following, 
/ Ej=i 'ii.j Ar+ij ••• Ej^i 'Ji,iA",.7 



AiiA^^-"^ 



^i2A(2^' = 



\ Ej = l air,jAr+l,j . 



\ E?=r + 1 A' 



r + l,j 



Ej = l '^■r,j^n,j 

Ej=r+1 "^lii^'i,; 



E,=r+1 '^'■.J A",i 
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Thus considering their sum we obtain, 



Si, 



D 



X (n — r) 

Similarly considering the entries in the bottom right hand corner we have, 



\ E; = iffln,jA. 



r+l,j 



whose sum is, 



= l 0-n,jA.n,j 



5n. r+1 
lu-rD 



3r + l,n 



Sn,rL 



D 



Thus, eq. |4.14| becomes 
D 



Ir A(12) 



All AiiA(i2)+Ai2A(22) 

A21 A2lA(12)^^^^^(22) 



^11 0rx(n-7-) 
A21 l„-^rD 



(4.15) 

where Orx(n-r) is the r x (n — r) zero matrix and In-r is the (n — r) x (n — r) 
identity matrix. 



Using the following simplifications, 

= det (I^det (a'^^' 



/^{22) 



0(n — r) X r 
j4ii Orx(n — r) 



eq. 



4.15 



explicitly, 



= det (a(22)) 
det(Aii)det(I„_^L») = det (yln) D""'' 

becomes simply, det(A(^^^)£) = det(^ii)D"^''. Writing the above out 



Ar 



+ l,r + l 



Ar + l,n 



An r 



+ 1 



An,n 



aiA 



ai,: 



D" 



(4.16) 
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— l,n 



^n,n — 1 



0-1,1 



tSn-2,1 



ffll,n-2 



1n-2,n — 2 



Recognizing that, 

An-l,n ~ D 

the above expression becomes 
D 



n-1 
n 



A„_i,„_i = D 
A„ „_i = D 



n - 

n - 
n 
n- 1 



■ n- 1 ■ 


D 


n 


- D 


■ n- 1 ■ 




n 




n — 1 n 


n- 1 












n 




n 




n- 1 




n — 1 n 



D (4.17) 



which is the required result. □ 



The Jacobi bihnear identity itself is only one half of the process of showing 
that the determinant expression obtained in eq. |4.7| is a r-function of the 2- 
Toda molecule equation. In what is follow, we introduce the molecule equation, 
and show that any determinant in bi-directional Wronskiar^ioim is a r-function 
to such an equation. 

2-dimensional Toda molecule equation. The 2-dimensional Toda equa- 
tion is defined as, 



d:^dyQs{x,y) = Vs+i{x,y) ~ 2Vs{x,y) + Vs-i{x,y) 

where, 

, \ _ f log{K(a:, J/)} for Toda molecule 

where s € {0, 1, . . . }. 

Through the convenient transformation, 

V4x,y) = d^dylog{Ts{x,y)} 
the 2-dimensional Toda molecule equation becomes, 

' Ts+i{x,y)Ts-iix,y) 



(4.18) 
(4.19) 



d^dy log [d^dy log{rs(a;, y)}] = d^dy log 



Ti{x,y) 



where if we complete the integrals with respect to x and y and take the integra- 
tion constants to be zero, we receive the following bilinear differential equation, 

{d^dyrs{x,y)}rs{x,y) - {d^Ts{x,y)} {dyTs{x,y)} = Ts+i{x,y)Ts-i{x,y) (4.20) 

Or equivalently, using Hirota's bilinear operators we obtain the compact form, 

D:,DyT,{x,y).Ts{x,y) = 2Ts+i{x,y)Ts-i{x,y) (4.21) 



^ A general bi-directional Wronskian determinant is of the form det 9y '3'(x,j;)l , 

where '^{x,y) is a general function. 
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In section 1.4.2 it was shown that this is one of the non linear PDE's that can 
be obtained from the 2-Toda hierarchy bilinear relation. 

Bi-directional wronskian solutions to the 2-Toda molecule equation. 

The solution, r^, of the above bilinear equation can be expressed by means of 
an s X s bi- wronskian, 



det [dlr'di-'<fix,y)]^ 



s = 
s / 



(4.22) 



where "^{x, y) is, for now, an arbitrary function of {x, y} and the natural num- 
ber, s, is not only the position of the Toda molecule, but also the degree of the 
wronskian determinant. 



In order to prove that given by eq. |4. 22 [ solves the bilinear 2-Toda molecule 
equation we introduce the (s + 1) x (s+1), sx s and (s— l)x(s— 1) determinants. 



D, D 



and D 



bi f)2 



respectively. 



D 
D 

D 



ai 
bi 
ai a2 
bi 62 





..,S + 1 




i=l,.-. 




s+1 




,61... 


s + 1 


i = l,... 






3 = 1, •• 


,bi.... 


I" 2.- 



If we use the label, 

D = Ts + l 

then we have the following convenient expressions. 



(4.23) 



(4.24) 



D 



s + 1 
s + 1 



Ts-l 



D 



(4.25) 



Maya diagrams. We now consider how to express dxTs, dyTg and dxdyTg in a 



form similar to eqs. 4.24 and 4.25 To do so it is advantageous to view as 
the following Maya diagram. 



-2,i — s — 1, i — s, z — s + 



-2, j = s-l, j = s, j = s + l, 



In the above notation, a black dot in position i in the x section represents the 
row, 

(ar'*(:r, y), dt'dy'i'ix, y),..., ar'9r'*(^. v)) (4-26) 
and a black dot in position j in the y section represents the column. 



/ ar'*(x,y) \ 
ar'a.vi/(x,y) 



(4.27) 



When considering dxTg it is best to differentiate row by row with respect to x 
rather than column by column. Using elementary multilinear differentiation, 
we see that we have a sum of s terms. Thinking of as a Maya diagram, 
it is elementary to see that differentiating one specific row simply moves its 
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corresponding black dot up one position. Thus, all but one of the s Maya 
diagrams will have two black dots in the same position. Having two black 
dots in the same position corresponds to having repeated rows, hence the only 
Maya diagram that survives is the one that doesn't have two stones in the same 
position. 



y 



• • o • . 

i — s — 2,i — s— 1, i — s, i — s+1, 



• • • , O . 

j — s-2,j — s — l, j — s j = s + l, 



D 



s 

s + 1 



(4.28) 

Applying the same procedure to dyT^, except differentiating each column sepa- 
rately with respect to y, we obtain. 



dyTs 



• • • o . 

i — s — 2.1 — s — 1. i — s, z — s + 1. 



• • O • 

i — s — 2.i — s — l. i — s, z — s + 1. 



D 



s + 1 
s 



Applying both procedures for dxdyTs, we have 

X 

^ ^ 



(4.29) 



• • o • 

i — s — 2,i — s — 1, z — s. i — s + 1. 



• • O • 

i — s — 2,i — s — 1, z — s. z — s + 1. 



D 



(4.30) 



Putting everything fro m thi s section together now, if we re-express the 2-Toda 
molecule equation (eq. 4.201, 



{dxdyTs{x,y)}Ts{x,y) - {dxT^{x,y)} {dyTs{x,y)} = Ts^i(x,y)Ts+i{x,y) 
using the Maya diagram notation we obtain. 



D 



s 


D 


' s + 1 ' 


- D 


s 


D 


' s + 1 ' 


= D 


' s s + 1 ' 




. « + 1 . 


. « + 1 . 


s 








s 




s s + 1 



D 



which is the Jacobi bilinear identity for determinants, hence verifying that the 



determinant expression for Tg (eq. 4.22 1 is a solution of the 2-Toda molecule 
equation. 

The homogeneous DWPF is a r-function. Hence, comparing eq. |4.7| 



with eq. 4.22 wc see immediately that the determinant expression of the ho- 
mogeneous partition function is a r-function that satisfies the 2-Toda molecule 
equation. 



A note on the free energy. In a similar process as shown above, it was 
shown in [37] that the homogeneous six-vertex DWPF is a r-function of the 
1-Toda molecule equation. In [84,85] this property was used to extract informa- 
tion about the free energy of the model. This same method was unsurprisingly 
applied to the homogeneous Felderhof DWPF presented here. However, the 
results that were obtained were very murky (and thus shall not be presented 
here). The reasoning behind this murkiness can be attributed to the model 
being free-fermion. Specifically, considering different values of the variable, 
A = ^(wswe — UJ3LJ4 — UJ1UJ2), for the different phases (ferro-electric, disordered, 
etc.), as is usually done in this kind of analysis, obviously will not work. In the 
next section we shall see that the DWPF trivializes and the free energy can be 
taken directly. 
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4.3 Product form of the DWPF 

Due to the model being a free fermion model, it is expected that the inherent 
complexities that exist with the general non free fermion model are somehow 
dwindled down. This is true with the free fermion six vertex model under both 
domain wall and periodic boundary conditions. In the case of the 6V-DWPlf] 
the determinant exists in Cauchy form and hence can be expressed as a prod- 
uct, and in the case of the 6V-PPF, the horribly complex Bethe equations are 
trivialized [39]. 

Unsurprisingly, given the statement in the last paragraph, the determinant form 
for the DWPF of the current free fermion model also exists in Cauchy form. We 
give the details below, limited as they are. 

Manipulating the determinant entries to Cauchy form. We begin with 
the entries of the determinant, (j>{ai,f3j), of the inhomogeneous DWPF and 
rearrange them as the following. 



1 



(a,-/3,)(l-a./3,) 
1 

a,(l-/3|)-/3,(l-a2) 
(l-a?)(l-/3|) 



Thus considering the determinant we obtain. 



det[</.(Qi,/3j)] 



det 



(l-a?)(l-/3f) 



ft 



n(l-a?)(l-/3')) det 



ft 

1-/3? 



which is obviously of Cauchy type. Expanding the determinant as a product we 
see immediately that, 



det[<^(a„ft)]f,^, 



n (l-a,a,)(l-ft/3,) 

\l<i<j<N I 

ni<,<j<iv(Q»-"j)(/^j-A) 

nf,=i(a«-ft)(l-a.A) 
and hence, the inhomogeneous DWPF siniphfies quite dramatically, 



Zn (<3,/3) = II ^1 - a,a,Vl - AA' 



(4.31) 



Taking the homogeneous limit we obtain the even more simplified expression 
Zjv(a,/3) = (Vl-aVl-zS')"^ 



(4.32) 



^This can easily be verified. 



Chapter 5 



Baxter's solid on solid 



(BSOS) model 



In [86] Baxter introduced the BSOS model, which originated through work 
on the eight-vertex model. In the aforementioned work, the BSOS model was 
introduced through the vertex-SOS correspondence, where weights of the eight- 
vertex model are linked to the weights of the BSOS model through intertwining 
vectors. A peculiarity with the BSOS model is that it actually bears closer 
resemblance to the six- vertex model, as we shall see shortly. 

In the following introduction to the model we shall use the notation presented 
in [40,41]. 

5.1 Definition of the BSOS model 

5.1.1 State variables - vertex and height models 

In the previous chapter we dealt with a vertex model whose configuration 
was given solely by state variables on each of the four sides of the vertex, des- 
ignated by the variables 1,2, or graphically as arrows pointing in or out, with 
the addition of rapidity and colour flows. An alternative method of describing 
such configurations exists by replacing the vertex with a square face, where the 
state variables (heights) are now placed on the corners of each face. The rapidity 
and/or colour fiows are left unchanged. This new model is called an interaction- 
round-a-face (IRF) or a solid-on-solid (SOS) model, or simply a height model. 
Thus the equivalent of the N x N vertex lattice with horizontal rapidities {?/} 
and vertical rapidities {v} is the N x N face lattice with the same horizontal 
and vertical rapidities. 

As an introduction to the particular model we are about to use, the best course 
of action would be to first introduce the definitions of various elliptic functions 
and some necessary properties, followed then by the definition of the weights the 
BSOS model and the Yang-Baxter equation(s). Following this we then define 
what is meant by DWBC's in the sense of a height model. 

5.1.2 Elliptic functions 

We define the half period magnitudes, Ki, K2 as the quantities. 




K2 = i^i log(g) 
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Figure 5.1: To the left a vertex configuration defined by state variables (heights) a,P,y,d 
and rapidities u,v, and to the right a height configuration defined by state variables a,b,c,d 
and same rapidities. 



where q is known as tlie elliptic nonie and typically has a value between zero 
and one. Given Ki and K2, the eUiptic theta functions are then defined as, 



H{u) = 2g4 sin 



COS I — 1 + q )■ {i-q i 



^ ^ n— 1 ^ ^ 

HAu) = cos (^) n (l + cos f^) 
= H{u + Ki) 

B{u) = n {1 - 29^"-^ cos ( J^) + } {1 - g-} 
eiM = n {1 + 2g^"-^ cos (g) + g^"-^} {l - g^"} 

where u gC. The (simple) zeroes of theta functions are given by, 



H{umn) = for 
6(wmn) = for 



Umn = 2mKi + 2inK2 

Umn = 2mKi + 2i(n+ i) K2 



where m, n e Z. We also have the important quasi-periodic relations, 
H{u + 2mKi) ={-l)'^H{u) 



H{u + 2inK2) ={-irq~'^ exp 



Ki 



H{u) 



where m, n G Z. A function which satisfies both of these conditions (up to 
some constant) are referred to as doubly quasi-periodic. We now present an 
elementary (but nonetheless necessary) result (theorem 15.1 of [39]) regarding 

doubly (anti) periodic functions. 

Theorem 3. // a function is doubly (anti) periodic and is analytic inside and 
on a period rectangle, then it is a constant. 

Proof. The proof is elementary. Since the function is analytic in and on the 

period rectangle, it is bounded in and on the rectangle. The double (anti) peri- 
odicity assures us that the function is analytic and bounded everywhere. Hence 
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by Liouvillc's theorem in complex variable theory, the function is a constant. □ 

Comment. Using the above result it is possible to verify various elliptic iden- 
tities, (the simplest non trivial example being), 

H{x - y)H(x + y)H{u + v)H{u - v) =H{u + x)H{u - x)H(v + y)H{v - y) 

- H(u + y)H(u - y)H(v + x)H{v - x) 

(5.1) 

without using the explicit definition of if(u|^ The usual method one would 
use to prove the above identity is to consider the right hand side divided by 
the left hand side, which we shall call P{u). We then show that the zeros of 
the denominator are at the same positions of those of the numerator and that 
P{u) satisfies necessary doubly (anti) periodic conditions. Thus by the above 
theorem, P{u) is a constant. All that remains is to show that the constant is 
equal to one, by evaluating P{u) at some obvious value of u. The reason we give 
the theorem here is because it is the only result necessary to verify the height 
Yang-Baxter identities which shall be given shortly. 

In the following chapter we shall rely heavily on other results regarding gen- 
uinely quasi-periodic functions (as opposed to simply doubly (anti) periodic). 
The results of this chapter rely entirely on the fact that the weights of the model 
obey the height Yang-Baxter equation. Thus we shall leave any further results 
regarding quasi-periodic functions for the relevant section of the next chapter. 



5.1.3 Weights of the model and the Yang-Baxter equation 



We begin by labelling the face configuration in figure |5TT| with state variables 
a, 5, c, d £ Z and rapidities u, w g C by, 

W 





b 










c 





and the only restriction on the state variables being, 

|a — &| = \b — d\ = \d — c\ — \c — a\ = 1 
This leaves six classes of non zero weights. Labelling, 

H{Xu)e{\u) = [u] 

where A G C, the six classes of non zero weights are parameterized by, 



W 
W 
W 



I 


l±l 


l±l 


l±2 


I 


l±l 




I 


I 


l±l 


l±l 


I 



u-v] = Wa{u-v) = i^^^fiil 

= Wl,^^{u-v) ^ M[Cg±M (5.2) 



-"^It is necessary however to use H(—u) = —H{u). 
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where C S C. With this parameterization the Yang-Baxter equation looks Uke, 



Ul-Ui]W 



e d 
f 9 



a b 



U2 — U-sj W 
U2 - U-s I W 



d c 

9 b 

e 9 

f a 



U2 — Ui 



U2 — Ui 



for a, h, c,d,e,f€Z and Ui,U2,U3 € C 




5.1.4 DWBC's 

We define the x iV DWBC's for the BSOS 
model as the N x N face lattice with the top left 

height equal to zero, with subsequent heights to ' 
the right and south increasing by increments of "' ^ i 
one until they equal A''. The remaining heights 2 
then decrease by increments of one until they 3 
meet at the bottom right corner, which is equal 
to zero. 



N 3 2 10 




Figure 5.3: DWBC for the N X 
N BSOS model 



5.2 Properties of the DWPF 

In this section we examine properties of the DWPF for this particular model 
using techniques applied to the six-vertex model to derive one-point correla- 
tion functions [42,43]. The overall goal of this section was obviously to derive 
an Izergin-hke expression for the DWPF, but this was not to be the case as 
Rosengren [87] was to publish his admirable result while this work was being 
conducted. 
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As usual, the N x N DWPF is defined as the weighted sum of all allowable 
N X N face configurations with rapidities {u} and {v} given DWBC, 



On (u, V) 



onfiguratic 



5.2.1 Deriving the recurrence relation for the partition 
function 

In this section we shall use the results in [42], which were used as an al- 
ternative method to [43] for calculating one-point correlation functions for the 
six-vertex model. We shall show how this method can be used on the BSOS 
model to derive a complete recursive form for the DWPF, and from this point, 
derive the closed form expression for the DWPF involving sums over the sym- 
metric group. 

The right most column. We begin by considering the right most column 
of the N X N lattice. For any allowable configuration of the model, the presence 
of DWBC's means that no Wc,- faces are allowable and only one Wc,+ fa ce is 



(necessarily) present in the right most column. It is then easy to see (fig. 5.4) 
that all the faces above the Wc,+ face are of type Wb,+ , and all faces below 
the Wc,+ face are of type Wa- Hence, if the Wc,+ weight occurs at row n, 
1 < n < N, then the right most column has weight. 



= 1 / \j = n + l 



1 



Figure 5.4: Example involving a 6 X 6 lattice with a Wc,+ face at row 4 of the right most 
column 



The remaining x {N — 1) lattice. We label the remaining N x (iV — 1) 
lattice as L[r„, u„]. Performing a summation for n = 1, . . . , TV, we obtain the 
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entire DWPF in the form, 



n = l 



N 



(5.3) 



where the superscript (0) in the expression Z^-* {u, v) denotes the value of the 
top left height. 

Freezing the top row. Consider the N x {N — 1) configuration L[ri,ui]. 

1 2 3 4 5 



1 2 3 4 5 6 



Figure 5.5: An example of L[ri,ui]. Notice the entire top row is frozen into Wa faces 
leaving behind an {N - 1) X {N - 1) lattice with DWBC 



It is elementary to recognize that the entire top row of this particular config- 
uration is frozen into Wa faces. If we extract these faces, what remains is an 
{N -1) X {N - 1) lattice with DWBC's. However, it must be noted that the 
lowest height on the boundary is no longer zero but one. The highest height is 
still N. 

=4> L[ri,ui] = I Y[ Wa{ui -Vj) .Z^Li {u,v,ui,vn) 

The crux of the work that is to follow consists of using the Yang-Baxter equa- 
tion(s) to express a general N x {N — 1) configuration L[r„, m„] as a sum of con- 
figurations whose top rows are frozen into the aforementioned position, which 
in the end shall give a recursive relation for the partition function of the BSOS 
model. 



The main tool which we have at our disposal (which boils down to applying 
the Yang-Baxter equation strategically) shall be referred to as rolling. 

Rolling once. We begin by considering the general N x {N — 1) configuration, 
L[rn, Un], whose progression of right most heights is interrupted at the nth row. 
We additionally consider the general N x {N — 1) configuration, L[r„_i, w„_i], 
which is the same configuration as i[r„, except that the progression of the 
right most heights is interrupted at row n — 1. We give an example of the 
difference of these two configurations in fig. |5.6| 
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Fi gure 5.6: A typical example portraying the difference between L[rn^Un] (on the left) and 
L[r„—i, u„-i] (on the right) for N = 6, n = 4. 



We proceed the rolling procedure by multiplying the configuration L[r„,u„] by 
(u„_i — Un) and the configuration L[r„_i,u„_i] by the face 



the face 

rN-(n-l). 



N-(n-l) 
B,+ 



^ (u„_i — Un), as shown in fig. 



5.7 



11 




N-<n-l) U„., 



Fi gure 5.7: Multiplying L[rn,Un] by ^\un—:i — Un) (on the left) and L[rn—i,Un—i] 

by W^~^"~^\u„-i - Un) (on the right). 



Considering the sum of these configurations, we notice that the internal height 
is conveniently being summed over all allowable values, thus the sum can be 
explicitly written as in fig. |5.8[ 



n-2 N-(n-l) 




Figure 5.8: The internal height being summed over all allowable values 



We are now in a position to apply the Yang-Baxter equation to the above 
configuration and shift the intertwining of the u„_i an d m„ rapidities to the left 
hand side of the N x {N — 1) lattice, as shown in fig. 



5.9 




Figure 5.9: Applying the Yang-Baxter equation to shift the intertwining of horizontal ra- 
pidities to the left hand side of the lattice 
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Notice however that sum of state variables, ^ g, is actually fixed at n 
Thus we obtain the following algebraic expression, 

Wa{u„-i — u„) 

-L[r„-i,u„\ 



(Un-1 — Un) 

TTrN-n-l), N (5-4) 

L r„_i,u„_i 



Using the explicit form for the weights we know the following identities hold 



Wc,+ {ui — Uj) = Wc,-iuj - Ui) 
WB,+ iui — Uj) = —WB,+ {Uj — Ui) 

Hence eq. |5.4| can be expressed in the more palatable form, 

L[rn,u„] = ( """^ ) i[r„_i,w„] + g^-i ( ) L[r„_i,u„_i] (5.5) 

V J \U„-l J 

where, 

rl ^ WA{Ui-Uj) I r uA ^ W^^{u^-Uj)^ 

V / W'b-^ {Ui-U,)'^'\ Uj J W'b'X {y-^ - Uj ) 

Equation |5.5| is the conclusion of the first rolling procedure on a general N x 
(A^ — 1) lattice configuration whose progression of right most heights is inter- 
rupted at row n — 1 . We have succeeded in shifting the interruption up by one 
row, but at the cost of producing two configurations instead of one. It is at 
this point that one should obtain a slight feeling of dread, as we can now see 
that for every rolling procedure we double the amount of configurations. This 
doubling shall be taken care of however by applying the Yang-Baxter equation 
at strategic times in the below algorithm to make the number of configurations 
manageable. We shall demonstrate this process by rolling an additional time. 

Rolling twice. We now consider what happens when we apply the rolling 
procedure to the configurations L[r„_i, u„] and L[r„_i, u„_i]. Using the above 
procedure it is immediate that we obtain the following results, 

L[r,i_i, U„] = ( ] L[rn~2,Un\+ g^^2\ ) i[r„_2, U„_2] 

\ U„ J \Un-2 J 

I U„^2 \ 7;,[^^_2,1t„-l] + gn-2 ( ) L[rn~2,Un^2] 

\Un-l J \U„-2 J 

^ rr 1 r ,iV f U„-l\ N f Un \ N f U„ \ N ( Un-1 

^ L[rn,Un\ = < }n-l\ ] 9n~2 \ ] + 9n-l \ 571-2 

[ \ Un J \Un-2 ) \Un-\ ) \Un-2 

n — 2 5 Un — \\ 

\Un~\ ) \Un-\ ) 

, j,JV / Un-\\ ,N f Un-2\ i 
+ Jn-l\ /n-2 ] L\r n-2, Un\ 

\ Un J \ Un J 

(5.6) 

Let us now analyze the coefficient of L[rn_2,Un-2\ carefully with the intention 
of reducing it by applying some Yang-Baxter identity. 

We begin by multiplying the coefficient by the following factor, 

xjrJV-(n-l)/ Mi/JV — (n — 2) / \ xiriV- {n-2) / n 

^B,+ (u„-1 - Un)Wg_^_^ (Un - Un-2)Wg^^^ ' (Un-1 - Un-2) 



r r 1 -cN I Un-2 

L[rn-l,Un-\\ = in-2 
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to obtain, 

,TirN-(n-l)/ \,r,JV-(n-2) / n rJV - (n -2) / n ^ ' ) 

+ (Un-l ~ Un)Wg _^' ' [U„-2 ~ Un)Wf^ _^ ' 1 - ?i„ _2 ) 

The coefficient, in the form of eq. |5.7| can indeed be recognized as the left hand 
side of a Yang-Baxter identity, whose diagram is given in fig. |5.10[ 





Figure 5.10: Graphical representation of the Y-B identity in consideration 



Hence the desired reduced form for the coefficient of i[r„_2,w„_2] is, 

Wb,+ '(U„-1-Un) WA{Un-l - Un-2) ' {Un-2 - U,,) 

xi^JV— (n-1)/ N ,TTN — (n — 2)/ \ TTrN—(n-2) r \ 

Wg^ (U„-1 - 1t„) (Un-l ~ U„-2)Wg r {U„-Un~2) 



(5.8) 





f u„ 






















-2/ 




V Itn-2/ 



where we have used the following identity. 



Substituting eq. 5.8 in eq. 5.6 we obtain the twice rolled, Yang-Baxter reduced 
form of L[r„,M„], 



i r„,U„] =/„_! fn-2 

\ Un J \ U„ 



ifr„_2, Un 



N I Un \ rN I Un~2 i , r 
+ 9n-l [ ] In-2 [ ] L[rn-2,Un-l\ 



(5.9) 



, AT f Un \ rN ( Un-l\ ,r , 
+ 3„-l /n-2 ] L[rn-2,Un-2\ 

\Un-2 J \Un-2 ) 

Remark. Guessing the result for rolling a general number of times should now 
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be quite obvious. Nevertheless, in order to provide a proper proof of the result 
the Yang-Baxter process involved for rolling three times is highly illuminating 
and instantly shows the method required for the general proof. 

Rolling three times. The results for rolling three times are as follows, 

Lr„,U„ /n-2 /n-3 Lr-„_3,U„ 

\ Un J \ U„ J \ U„ J 

1 N ( Un \ jsr ( Un--i\ M f Un-3\ r! 1 
+ 9n~l [ /n-2 /n-3 L [r„_3 , Itn- 1 1 

, N f \ rN ( Un-l\ M ( ^^n-S \ ,r , 

+ ffn-l /n-2 /n-3 Lr„_3,'Un-2 

\Un-2 J \U„-2 J \U„-2 J 

, \ fN f Un-l\ J.N ( Un^2\ N f 
+ i /n-1 /n-2 ffn-3 

[ \ Un J \ Un J \Un-3 

, N f U„ \ N ( Un-2\ N ( U„-i 
+ 5n-l /n-2 5'n-3 

+ffn-l /n-2 5n-3 \ ) n-Z.U^-A 

The coefficient of L[r„_3 , w„_3] can be seen as one half of a Yang-Baxter identity, 
where each term consists of five faces, as given in fig. |5.11| 



N-(ii-3) N-(n-2) N-(n-i) 



N-(n-3) N-(n-2) N-(n-i) 




N-(n-3) N-(ii-2) N-(ii-l) 
N-(n-3) N-(n-2) N-(n-l) 



N-(n-3) N-(n-2) N-(ii-l) 
N-(n-3) N-(n-2) N-(n-i 




N-(n-3) N-(n-2) N-(n-i) 



Fi gUre 5.11; Yang-Baxter equation that simplifies the coefficient of L[rn— 3, Wn— 3]- 



Using the above identity the coefficient of /7[r„_3, u„_3] immediately simplifies 
to. 



N U„ \ / Un-1 \ ,JV / Mn-2 

9n~l /n-2 /n-3 

\Un-3 J Vltn-3/ \Un-3 



In order to provide a framework for the case of rolling a general number of times, 
we need to break up ^ product of two functions, one involving 

rapidities exclusively and one involving heights exclusively. 



k 



N f Ui \ _ [ui — Uj + 1] [( + N — k] 



[(: + N-k + l] 
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Using this separation of ("')' express L[r„,u„] in the following 

highly suggestive form, 



3 



b=i 



iV 

71 -j 



1) I ? ^ ] /(2) iK-S.-Un] 



(5.10) 



Rolling many times. In order to give the general formula for rolling L[r„, u„] 
a general number of times, we first give the little result. 

Proposition 29. 



(k-l 



=ffn-l 



TV 
n - j 



1) I ^ J /{2) ( „• 1 9n-k 



N 
n- j 



k-l 



EN 
gn-1 



N I 



p=l 



.7=1 



u 



1) I ) /(2) 




g-n-k 



(5.11) 



for2<k<n~l. 



Comment. The left hand side of eq. 5.11 is obviously the coefficient of 



the configuration L[r„_fc, u„_fc], after rolling k times. We now verify the above 
expression using the obvious generalization of the Yang-Baxter diagram shown 
when we considered rolling three times 



Proof of proposition |29[ We first consider the single term on the right 



hand side of proposition |29| shown pictorially as fig. 5.12 



ii-(k-ll ^n-(1i-2) ^n-(k-3i 




n-n n-(k-i) n-lk-2) ink-3j 



Figure 5.12: Graphical representation of the right hand side of proposition |29| Notice that 
state variables n — j,l<j<k+l, actually correspond to height N — {n — j). 



It is our goal now to use the Yang-Baxter relations to shift the diamond face 
from the far right to the far left. However, we use the rule that when any addi- 
tional use of the Yang-Baxter operation to a particular configuration yields only 
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one configuration as opposed to two, we leave that particular configuration and 
move on. This way we generate the desired number of configurations. Consider 
the e xample of appl ying the Y-B operation once to the initial c onfigu ration (fig. 
5.121 shown in fig. 5.13 For the configurations shown in fig. 5.13 notice that 




-(n-2) N-(n-i) 



N-<n-2) + N-(n-4)' 



-(n-2) N-<n-l) 




N-<ii-2) 



-(n-2) N-(n-l) 



Figure 5.13: Applying the Yang-Baxter operation once to the configuration in fig. |5.12| to 
move the diamond face one unit to the left. Notice that the far left of both configurations has 
been omitted. 



one more operation of Yang-Baxter on the left configuration will only yield one 
configuration, whereas one more operation of Yang-Baxter on the right con- 
figuration will yield two configurations. The underlying mechanism of which 
configuration to choose relies on the three circled heights being equal. 



We now expand the configuration shown in fig. |5.12| totally, using the afore- 
mentioned rule by introducing the graphical notation shown in fig. |5.14[ 



<3— ^l 




n-(j+i) n-j 



"„-j 

Figure 5.14: Graphical notation used to verify proposition 22. Notice that state variables 
n~j,l<j<k+l, actually correspond to height N — (n — j). 



Using these graphical assignments, the configuration in fig. |5.12| can be ex- 
panded immediately to give, 

■fc-i fc-i ( k-i 1 r i-i > 

.9 = 1 J 1 = 1 [91=! + ! J U2 = l J 

f k-1 
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Dividing both sides of this expression by the following multiplicative product, 

r k-i 

W"(^[l*""^'(M„_fe -Un)< Y[ W^B, + '"~''^(Wn-(fc-5i) - Un-k) 
Ul=2 

U2=2 J 



^92=2 

instantly verifies proposition [29] □ 



Using proposition 29 the (reduced) result of rolling a general number of times 



immediately becomes, 



(5.12) 

Putting everything together. Thus letting g = 1 in the above expression we 
obtain. 



^....,,1 - in /» („" ,)}£'»- (.:: J i n /... i i 



^ \ /AT 



(5.13) 



As stated earlier, the configuration i[ri,u;j] consists of a top row completely 
frozen into Wa faces, leading to the expression, 

L[ri,uk] = I n WA{uk-Vj)^ Z^j^l^{u,v,Uk,VN) (5.14) 

Substituting eq. |5.14| into eq. |5.13| we obtain, 

*^'-'^s{l||i§n/f(:;:)}{n-..-.,} 

X ^^^1 {u,V,Uk,VN) 

Finally, substituting eq. |5.15| into eq. |5.3| we receive the complete recurrence 
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relation for the DWPF of the BSOS model, 



A'^ n /n — 1 



n=lk=l \j=l 



N 



X Yl VVa^uj - Vn) 



^^-^ /(2) ( fc) Y[fN ( Uj 



j=n+l 
JV-1 



i = i 



WA(Mfc - Vj) ^ Z^^i {u,V,Uk,VN) 



(5.16) 



Note that the above expression involves a double summation. In what follows 
we shall apply a method originally devised in [43] for the six-vertex model, to 
simplify the above expression into a summation over a single index. 



5.2.2 Simplifying the recurrence relation 

We now carefully consider each specific case of the value of rt, 1 < rt < A^, for 
all valid values of fc, 1 < A; < n, and show how we can combine both summation 
variables to transform eq. |5.16| into a single summation. The goal of this pro- 
cess is to carefully combine all the coefficients of each Z^^_^ (w, v, Uk,VN) term, 
1 < A: < A'^, using various Yang-Baxter identities. 

Comment on Y-B identities. It is fortunate that in the details below, only 



one Y-B identity is necessary, given in fig. 5.15 



Up N-( n-l) \ N il Up N-( n-U \ N n / N n 




Fi gure 5.15; Yang-Baxter identity necessary for this section. 



For the above diagram, the necessary values of n,p and k can easily be inferred 
from the workings below. 



Step (li): (n = 1, k = 1) -I- (n = 2, k = 1). Combining these two expressions 
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we obtain, 



W(5[+^(ui - vn)Wa(u2 - vn) + Wg _^.^{ul - fjv)VK(^+^(it2 - VN)gi (jj^^ I 



use Y-B identity 



j=3 



II Wa{Uj ~Vn))\11 Wa{ui - Vj) \ Z^j^l, {ui,vn) 



N-1 

X < Yl Wa{ui - Vj) \ Zl^l^ {ui,vn) 
. i=i 



(5.17) 



Eq. 5.17 simplifies the first two expressions containing fc = 1. Our next step is 
to simplify this expression with the next k = I term, and also simplify the first 
two k = 2 terms. 



Step (2i): (n = 3, k 1) + eq. 5.17 



Wc,+ ("1 ~ Vn)Wa(us — vn) + Wg _^ (Ui — Vn)Wc^+ {u3 — VN)g2 



N I 

Ui 



use Y-B identity 
/ \ / N \ f N-1 

X W^-+\U2 - VN).fi' r^)[l{WA{u,~ VN 

7(1) 



X Z}^'_-^^{ui,vn) 



-w^r+'iu, -vn)(1{ <;<^-^'k - VN)fr-i 

N-1 > 

n Wa{ui-v,)[ Z'^'>_,{ui,vn) 



Ui 



n wa{ui-v,) 



YlWA{uj - VN, 

j=4 



j=2 



Ui 



Y[ Wa{Uj - VN, 
j=4 



Y[ Wa{ui - Vj) \ Z'^^1^{ui,vn) 



i=i 



(5.18) 



where we have noted that the following expression, 

\uj — Vn] \uj — lii + 1] 



[1] [Uj - Ul] 

= Wb{u,-vn)Ui) (^^^ 



has no height dependence. 
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Step (2ii): (n = 2, k = 2) + (n = 3, k = 2). 



W^(^+^(m2 - Vn)Wa{u3 - Vn) + W^+^(U2 - U]v)W^^+^(m3 - Wjv)^^ i^l^ ^ 



use Y-B identity 
AT \ (N-l 



X wb{ui - vN)f(i) ( ) ( n '^^(^^ - ''^) n n "^^("2 - ^;,) 



J =4 



X Z^^^(ii2,'i)]v) 



J =4 



JV-l > 



VN 



J = l 



(5.19) 



Thus using the logic of steps one and two, step three consists of three obvious 
stages. 



Step (31): (n = 4,k = 1) + eq. 5.18 



— VN)WAiu4 — Vn) + Wg^^^{ui — U]v)lV^^'*(u4 — VN)g3 (j^^ 



i=2 
(1) 



use Y-B identity 

N \ (N-1 



n Wb{u, ~ VN)fw [I'jjiU WAiu, -Vn)UI[ WAiu^ ~ V 



X ^Ar-i("i>^'iv) 



-vn){11 Wb{u, - VN)fw ( ) ( n 



J=2 



[Uj - VN, 



J=5 



n Wa{ui-v,)\z^^I,{uu{'n) 



(5.20) 



We proceed similarly for steps (3m) and 
Step (3ii): (n = 4,k = 2) + eq. |5.19 



W^+\U2 - «iv) I n ^b{uj - VN).f(,l) i M I ( n - "'V) 

^"'V ' (5.21) 

N-1 > 
X < n VyA(M2 - ^;j)| Z'-j^I^{u2,Vn) 
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Step (3iii): (n = 3, k = 3) + (n = 4, k = 3) 

/ 4 



^3 




vn. 



(5.22) 



JV-l 



Therefore given these intermediate steps, we can express the partition function 
in the following suggestive form, 



Z^^\u, V)^Y1 Wc, + H^r -Vn)\11 Wb{u, - VN)fw 



j = l 



(5.23) 



n Wa{u, - «iv) U n - "^■) f ^N-lii'r, vn) 

\j=5 / I j = l J 

+ (n = 4, fc = 4) + (n = {5, . . . , iV}, fc = {1, . . . , n}) 

Inspired from the above expression we now propose a general simplifiecQ form 
for the partition function and use inductive techniques for a proof. 

Step (m), 1 < m < N - 1. 
Proposition 30. 



n Wb{Uj -VN)f(l) 



N 

X I Y[ WA{Uj 
Vj = m + 2 



Ur — Vj) > Z'j^l^-^{Ur , Vn) 



+ {n = m + 1, k = m + 1) + {n ^ {m + 2, . . . , N}, k = {1,. . . ,n}) 

(5.24) 

Proof. We notice that the above expression is valid for m = 1,2,3. Let us 
now assume that it is valid for general m, and analyze the situation for m + 1. 
Note that this proof requires that m in the above expression is not equal to A^— 1. 

Step ((m + 1) i_^), 1 < r < m. 

r 

Comment. Note that the first m steps of this proof can be accomplished 
in the following one procedure by keeping the r variable general. 



Beginning with the rth component of the above summation, we add this to 



^In the sense that there is only one summation. 
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the (n = m + 2, k = r) component of eq. 5.16 



N-(m + l) 



N-(m + l) 
B.+ 



use Y-B identity 
JV 



Ur 



Yl Wb{Uj -VN)f(l) 

3 = 1 

V-1 > 
3 = 1 J 



— VN) 

J— m + 3 



(5.25) 



--W, 



]V-{m + 2) 



(Ur - Vn) 



m + 2 

Y[ Wb(Uj -VN)f(l) 



j = l 



Ur 



Y[ Wa{uj-vn] 

j—m-\-3 



Y\ WA{Ur - Vj) ^ Z'^''_j^{Ur,VN) 



This leads us to the final stage of step to + 1. 

Step ((m + 1) i . . . i) : (n = m + 1, k = m + 1) + (n = m + 2, k = m + 1). 



m+l 



^Ar^{m + l)j.^^^^ — VN)WA{Um + 2 — Vn) 



use Y-B identity 



N 



Y{WB[uj -«]v)/(l) 
AT-l 

Y\ WA{Um+l — Vj) \ Z'~^\^{Um + l,VN) 



Y\ Wa{Uj-Vn) 
J— m + 3 



(5.26) 



,j,JV-(m+2) . N 



Y{ Wa{Uj-Vn\ 



]^ Wsiuj -VN)f{l 



j = l 



Um + 1 



WA{Um+l — Vj) > + Cjv) 

.7 = 1 



Thus adding eqs. 5.25 and 5.26 we obtain the required expression for to + 1, 

m + l f m + 2 

Z^°\U,V) = J2 K,+ ^"'^'\^r - vn) n W^S(U, - VM)ni 



\ 



j = l 



Yl Wa{Uj-Vn] 



Y\ WA{Ur —Vj)^ Z^j^^_j^{Ur,VN) 
j = l 



+ (n = m + 2, fc = m + 2) + (n = {m + 3, . . . , Af}, fc = {1, . . . , n}) □ 



Therefore, substituting to = A^— 1 in eq. 5.24 and evaluating the {n = N,k = N) 
term we receive the following simplified recursion relation expression for the 
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BSOS DWPF, 



N ( N 



(5.27) 



n "^^^ 



5.2.3 Sum over the symmetric group 



Using eq. |5.27| we can express the N x N DWPF, not as a recursion rela- 
tion, but as a sum over all possible permutations of the string [1, 2, . . . , A^]. The 
derivation of this result begins with considering the first few terms, Zi and Z2, 
which allows us to guess an appropriate form for Z^. This form is then proven 
by using eq. |5.27| 

Case 1, N = 1. We have immediately that, 
Case 2, N = 2. Using the above result we obtain, 



This suggestive form of iV = 2 brings us to the obvious guess for the general N 
result . 

Proposition 31. 



ctGSjv \ l<i<j<N 



(5.28) 



Proof. We notice that the above expression holds for N = 1,2. Assuming 



the above form holds for some iV, we now consider the iV + 1 form of eq. 5.28 



JV+l 



/ JV+l 



^^il(3,u) = E Wc,+ (Ur - VN+l) n - "iV+l)/(l) 



N 



■X <Y\_WA{Ur ~ Vj) !> Z'}^\ur,VN + l) 

Lj=i 



and substitute into this recursive expression the assumed form for Zj^ in eq. 
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|5.27| to obtain, 

JV+l / JV+l , 



V 



where, 



(5.29) 



k , l<fc<r-l 
k-l , r+l<k<N+l 
and the sum, ^ , is the sum over all possible permutations of the length 



N + l 



N string [1, . . . , f, . . . , + 1]. Hence, 



E - E 



In order to complete the proof we use the following labels, 
cfj ^3-1 : j {r + 1, ■ ■ ■ N + 1} 
r — > (Tjv+i 

Under these convenient change of labels eq. |5.29| becomes, 

JV+l / JV 

Z'-°]_j^{u,v) = E Wc.+ iu^K+l - ''JV+l) I n '^B{uj - UjV+l)WA(Uajv+i - Vj) 
a-jv + l=l \j = l 

U„ 



>^/wL, E H W/sK.-^..)/(l) "-WaK-^'.) 



+ ll<i<3<JV 



JV 



■"o-JV + l i'JV+l) I J^W'B('*CTj VN+l)WA{Uafij_i 
o-SSiv + l \3 = 1 



' JV ^ 



JV 

X 



ctSSjv + i I l<i<j<JV+l 



JV+l \ 

fe=i / 



Chapter 6 

The Perk-Schultz (PS) 

models 



6.1 The trigonometric PS vertex model 

In [88], J. Perk and C. Schultz discovered a new family of vertex models with 
commuting transfer matrices, making the models integrable. In more recent 
years [89], these vertex models have been associated with the Lie superalgehras 
sl{r + l\s + 1), due to the obvious asymmetry in the Boltzmann weights when 
the state variables are conjugated. In [44] Zhao et. al. derived the determinant 
representation of the DWPF for the s?(l|l) and s^(2|l) PS vertex models. The 
sZ(l|l) results were then applied in [45] to derive analytic expressions of the one 
and two-point correlation functions. 

In this section of the thesis we use a modified Korepin-Izergin argument and 
the fact that the weights are asymmetrical under state variable conjugation to 
derive the factorised form for the DWPF of the model under general r and s. 

6.1.1 Definition of the model 

In the remainder of this section we use the notation found in [46] . 

Two distinct sets of state variables. We define the two sets B_ = {1, . . . , s-|- 
1}, B+ = {s + 2, . . . , r + s + 2 = L}, and their union B, 

B = {1, . . . , s + 1, s + 2, . . . , r + s + 2 = L} 

^ V ' ^ V ' 

B_ 

It is from these two sets that the allowable weights of the model obtain their 
state variables. 

The N X N lattice playground. Being a 2-dimensional vertex model, our 

main arena is an x lattice, where each horizontal line in the lattice is 
labeled by a horizontal rapidity G C, and each vertical line in the lattice is 
labeled by a vertical rapidity Vj G C. 

PEtretmeterization of the vertices. Each of the N"^ vertices are labeled by 
the difference of the corresponding horizontal and vertical rapidities, Ui — Vj, 
and additionally by a set of four state variables, {a, b, c, d} G B. 
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t t 



Fi gu.r6 6.I1 The N X N lattice with horizontal and vertical rapidity flows. 



Figure 6.2: LabeUng of the vertex X{u - v)^-^- 



Allowable weights of the model. Let a, 6 e B. The non- vanishing weights 
of the sl{r + l\s + 1) Perk-Schultz (PS) models are given the following parame- 



terizations, 



sinn(?7) ■ 
sinh(?7(if — v)) 



X^'^/'^ ) sinh(T7) 

6,a("'^) = i Binh(„(n-(,)) 



sinh(?7) ' 



a,b € B_ OT a,b € 
otherwise 



where 77 e C plays the role of the global crossing parameter. 



Yang-Baxter equation. Given state variables {/ii, /12, /^s, 92, 93} € B and 
rapidities {ui,U2,U3} G C, the above weights of the PS model obey the following 
Yang-Baxter identities, 

91,92,93^9 

= Yl ^3M2 («2 - U3)X!^^^^ (mi - U3)X^^^^ (til - U2), 
91 ,92, 93 SB 

Non-invarieince of the weights under state conjugation. Unlike the 

weights of the six vertex model in chapter 3 of this work, it is clear by inspection 
that the weights of the PS vertex models are not invariant under conjugation 
of state variables. This is an important running theme iii this section as we 
use this property extensively to obtain the product form of the domain wall 
partition function. 
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Weight symmetry and equivalence of the PS models. From the defi- 
nition of the weights it is clear that they are symmetric in the state variables 

in set B_ and set B+ respectively. This fact makes every choice for DWBC's 
equivalent, effectively making all DWPF's for general r and s variables equiva- 
lent to the s/(l|l) partition function. 

DWBC's. We define the sl{r + l\s + 1) PS DWBC's as follows: 

• The state variables on all bonds on the right most and bottom most bound- 
aries are equal toL = r-|-s-|-2e B_|_. 

• The state variables on all bonds on the left most and top most boundaries 
are equal to 1 € B_ . 



1 


1 


1 




1 










L 


1 








L 


1 










L 




L 


L 


L 



Figure 6.3: The N x N lattice with DWBC's. 



Due to the symmetry that exists in the weights we could have taken any single 
representative in B+ and B_ for DWBC's. Ultimately, we expect no difference 

between the results we obtain from the sl{r + l\s + 1) model, and what has 
already been obtained from the s^(l|l) model. 

Non-invariance of the line permuting vertices. Arguably, one of the 
most useful properties of the sl{r + l\s + 1) PS vertex models with DWBC's is 
the non-invarianc;e of the X^'^{u,v) vertex when a changes from L (an element 
of B_|_) to 1 (an element of B_), and vice versa, 

i^i.i/,, „\ _ smh{r]{l + u-v)) 
1,1 X _ smh{T]{l-u + v)) 

So useful is this property that through using it alone one can uncover the form of 
the DWPF up to a multiplicative constant. We give the details of this property 
below. 



6.1.2 Equivalent trigonometric Korepin properties of the 
DWPF. 

As usual, the DWPF of the sl{r + l\s + 1) PS vertex model, Z^ "'' v), is 
given as the sum over all allowable weighted configurations of the N x N lattice 
under DWBC's, 

allowable \vertice8 / 
configurations 
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In what is to follow we shall suppress the (r, s) superscripts. 

Korepin-like properties of the DWPF. In direct analogy with [13], we 
shall propose four properties that the sl{r + l\s + 1) PS DWPF should satisfy. 
We shall then show that these four properties uniquely determine the partition 
function, which allows us to simply postulate a valid expression and show that 
the four properties are satisfied. 

Property 1. The partition function is a polynomial of order N in e''"i and 
g-»)f 1 ^ Additionally one of the zeroes of the order N polynomial(s) exists in the 
trivial form e''"i — and e^''^^ = respectively. 

Proof. An elementary analysis of the top row of vertices reveals that all valid 
configurations are of the form, 

^'~^ sinh(^7(l-Ul+^;J)) ^ / ^ sinh (t?(mi - -fJj)) \ 

sinh(r,) ) l^^ ii^ sinh (,7) ) 

A similar analysis of the left most column reveals that all valid configurations 
are of the form: 

= ( I TT sinh (7/(1 - Mj + n(ui~vi) I yr sinh {ri{uj - vi)) \ 

^ ^ [}}, sinhC?) J [^th, j 

Property 2. From the Yang-Baxter equation it is possible to show that, 

N -1^1.1/ \ 

nAj^ J (Ul — Uj) 
^^L L, -Zn{u2,...,Un,Ui,v) (6.1) 

which gives exactly N — 1 zeroes of the polynomial in the form X\'\{ui—Uj) = 0, 
j — 2, . . . , N . Performing the equivalent technique on the w's we obtain, 

— fj- -Zn{u,V2,...,vn,vi) (6.2) 

,=2 ^1,1(^1 --^j) 

which gives exactly A^— 1 zeroes of the polynomial in the form X^'^{vi — Vj) — 0, 
J = 2,..., TV. 

Proof. We consider placing an X^'^{ui — U2) vertejj^on the right hand side 
of Zm {u,v)- This process is displayed in the first diagram of fig. 6.4 We no- 
tice that there are no other valid internal state variables for this vertex, thus 
we can apply the Yang-Baxter equation and shift it through to the left hand 
side of the lattice. Once at the left side of the lattice, the vertex is fixed to a 



^ Remember that in earlier discussions we label this vortex, and its conjugate, X-J '| (mi — 112 ) , 
as line permuting vertices. 
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X^'^{ui — U2) configuration, as these are the only valid internal state variables, 



and the rapidities ui and U2 are switched. Thus we obtain, 

, UN,V) 



Zn {u, v) = r. , [U2,Ui,U3, 



Applying this process an additional N — 2 times so that ui is the bottom-most 
rapidity, we obtain eq. |6.1[ 



The method for the verification of eq. |6.2| is obviously entirely analogous. We be- 
gin by applying the line permuting vertex, Xl'l (vi — V2), to the top of Zjv (w, v) , 
and apply the Yang-Baxter equation repeatedly until we obtain. 



'jN (U,V) = 



-"2) 



Zn {u, V2,vi,V3, . . . ,vn) 



Repeating this procedure an additional N — 2 times so that vi is the right-most 



rapidity, we obtain eq. 6.2 



1 


1 


1 


1 


1 


1 








L- 


1 








L 


1 








L 


L 


L 


L 


L 


L 



1 


1 


1 


1 


1 


1 






X 


L 


1 








L 


1 








L 


L 


L 


L 


L 


L 



1 


1 


1 


1 


1 










L 


1 








L 


1 








L 


L 


L 


L 


L 


L 



Figure 6.4: Graphical derivation of eq. |6.l[ 



Property 3. Zjsi satisfies two recursion relations. The first equation can be 
derived by freezing rapidities ui and vi so that the top left hand corner vertex 
is always X^'^, 

f IL 

ZN\m=v^+i =Xl'j;{l) I Yl Xl'^iui - Vk)X^'l{uk - vi) 

\fc=2 

X Zm-1 {u, V, Ml, Vl) 

The second equation can be derived by freezing rapidities itjv and vi so that the 
bottom left hand corner vertex is always X^'^, 

/JV-l \ / ^ 

\fc = l / \fe = 2 

X Zn~i {u,v,un,vi) 

Proof. Simply freezing the top left vertex to X^'^ by fixing the the rapidities, 
ui = vi + l, we see immediately that the first row and first column of the N x N 
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lattice are frozen in the configuration given by eq. |6.3[ We additionally notice 
that the remaining vertices in the {N — 1) x {N — 1) bulk are (miraculously) 
under DWBC's, hence verifying eq. |6.3| The verification of |6.4| is an exactly 
equivalent process. 
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Figure 6.5: Graphical derivation of eq. |6.3| 



Property 4. The initial condition is given by: 

Zi{ui,vi) = Xl'j^ (mi — m ) 

Proof. Simply setting the DWBC's for a single vertex produces the desired 
result. 

An inductive result regarding the four properties of the DWPF. 

Lemma 9. The above four properties uniquely determine the DWPF of the 
sl{r + l|s + 1) PS vertex models. 

Proof. We begin by assuming that there exist two expressions which satisfy 
the above four properties. We refer to Zn (u, v) as the actual partition function, 
and {ujv), which is an altogether different expression. By condition 4 we 
obtain our base case, 

Zi (ui,«i) = Zf^ {ui,vi) = Xl'^{ui — «i) 

Let us now assume that the two expressions are equal up to some integer N 
and use induction for the + 1 case. From condition 1 both ^at+i and Z^^j^ 
are order + 1 polynomials in e''"i and e^''"i , and both have zeros of the 
form e''"! = and e"'''"^ = 0. From condition 2 we know both expressions 
additionally share the N zeroes of Ui , 

Xl:l{m~u,)^0 ,j = 2,...,N + l 

and the N zeroes of Wi, 

Xt,^{vi-v,) = ,j^2,...,N+l 

making a grand total of + 1 shared zeroes. Thus by conditions 1 and 2 we 
know that, 

Zn+1 = CZ^+i (6.5) 
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where C is a multi plica tive con stant independent of rap idities ui and vi. To 
find C we apply eq. 6.3 (or 6.4 1 of condition 3 to eq. 6.5 to obtain, 



JV+l 



^ ^k)X^'l{ui: - Vl)j Zn {u,V,Ul,Vl) 
\ PS 



and using the inductive assumption that Zjy — Z^'^, we obtain C — 1. O 



6.1.3 Product form for the DWPF 
Proposition 32. 



Zm (u, v) 



N 
k = l 



n 

l<i<j<N 



\l<i<i<JV ^ 

sinhr;(l — Ui + Uj) sinhr;(l + — Vj) 



(6.6) 



sinh 77 



sinh»7 



Proof. Verifying the above proposition obviously relies on showing that eq. |6.6| 
obeys the four conditions. 

Verification of property 1. All dependence on ui and Vi in eq. |6.6| can 

be written immediately as, 



gj?"! J"!^ sinhr;(l — iti + 

j=2 



JV 

Uj) , e"''"^ sinh 77(1 + vi — Vj) 
i=2 



(6.7) 



which are degree polynomials in e''"^ and e ''"^ and contain zeros of the form 
gr;«i _ g-T?"! = Q respectively. 



Verification of property 2. From eq. 6.7 it is immediate that the remaining 
N — \ zeros are of the required form. 



Verification of property 3. Substituting the values ui = vi + 1, eq. 6.6 

becomes, 



Zn (u, v) = e''(-l) 



n 

j=2 



sinhr]{uj — vi) sinh 77(1*1 — Vj) 



sinh 77 



sinh 77 



I 2<j<j<JV 



which is exactly eq. |6.3[ Verifying eq. |6.4|is an equivalent process. 



Verification of property 4. Simply substituting = 1 in eq. 6.6 obtains the 
desired result. 



Thus we have verified the proposition for the product form of the partition 
function. □ 
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6.2 The elliptic PS height model 

In [48], Deguchi and Martin introduced the elliptic height equivalent of the 
trigonometric vertex model considered in the previous section. In this section 
of the thesis we introduce the height model and derive the product form of the 
DWPF in an equivalent process considered in the previous section. Additionally, 
due to the DWPF being sufficiently simple, we can use the methods of the 
previous chapter to derive non trivial elliptic identities of a general number of 
terms. 



6.2.1 Elliptic functions revisited 

As promised in the previous chapter, we shall now present some additional nec- 
essary results regarding quasi-periodic functions. 

Useful theorem regarding quasi-periodic functions (continued). The 

following result is similar to theorems 15(b) and 15(c) in section 15.3 of [39]. The 
aforementioned theorems consider results regarding meromorphic (anti)periodic 
functions, whereas the result below concerns entire quasi-periodic functions. 

Theorem 4. Consider f{u) which is an entire quasi-periodic function satisfying 
the relations, 

/(«+^)=(-l)-/(«) (6.8) 



Given the above relations the following forms for f{u) apply, 

N 

f{u)=Cl[H{X{u-Kj)) 



/JV-1 \ / JV-1 



(6.10) 



where {ki, . . . , kn,C, A} € C and t] = '^j- 

Proof. We can choose a period rectangle in the C plane such that the 
isolated zeroes of f{u) axe not on the boundary. We then consider the following 
integral, 

f f'iu) J f f'{u) ^ f f'{u) , 

■/ri+r2+r3+r4 fm Jri+r,. fW ^r2+r4 fW 

Performing the integral of Tt, and r4 we obtain, 

/ -Fr^du= / — log/(w)dw 



log 



/(ci +^C2) 

/(Cl + i{C2 + 2K2/X}) 
u=ci+2Ki/X+ic2 



/ -Fr\du= / — log/(M)dM 

7(ci + 2A-i/A + ic2) 



= log(^ 



/(Cl + iC2) 
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Figure 6.6: A typical period rectangle in the complex plane of width 2^ and height 



For the remaining two integrals we simply apply the quasi-periodic conditions 
of f{u). For the integral along Fi we receive, 



, /(«) 



du = — 



f nu + 2K,/\) 
Jr, /(« + 2i^i/A)''" 

/ fici + 2Ki/\ + ic2) 

+ 2Ki/\ + i{c2 + 2K2/\}) 

/ (-l)^/(ci+iC2) 

V (- W(ci + i{c2 + 2ir2/A}) 
ir3 /(«) 

Thus wc obtain the result Jy^+Ts 7^*^^ ~ ^" '^^^ integral along F2 is slightly 
different however, 



Ir2 



du ■ 



du 



= - log 



r f'(u + i2K2/X) 
ir, f{u + i2K2/X) 

/(ci + 2Ki/X + i{c2 + 2K2/\}) 



f{ci+i{C2+2K2/X}) 



= - log 



= i2nN - 



exp{Q} exp {-i27riV} /(ci + 2Ki/X + 102] 



fin) 



(_l)JVg-iVexp{a}/(ci +ic2) 



du 



ir, /(«) 

where wc have labeled a = — ^ {Nci + iNc2 — ij) . Thus wo obtain 

r Kj^du = i2TTN, and since f (u) is an entire function, this tells us 

Jri+r2+r3+r4 }(u) ' j \ / > 

that f{u) contains exactly A'' zeros in the period rectangle, which we shall label 

as {ki,K2,...,kn}. 
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Let us now consider the function, 

JV 

(j}(u) =C'[[H {X{u- tij)) 

where (j){u) obeys the same quasi-periodic conditions as /(u). Additionally, we 
consider the expression, 

AiogfMVm_£M (6.11) 



By construction eq. 6.11 is doubly (anti)-periodic and analytic inside the period 



rectangle, hence by Liouville's theorem it is a constant, which we shall label as k. 
Integrating eq. |6.11| with respect to u we obtain, 

N 

f{u)^Ce-'^llH{\{u-K,)) (6.12) 

Finally, by considering the quasi-periodic conditions we fix the constant k to 
equal zero. To obtain the final expression in eq. 6.10 we simply let rj = ^jLi 
without loss of generality. □ 

The above result shall be used to obtain the DWPF of the elliptic gl{P\M) 
PS height model. 

6.2.2 Definition of the model 

The following definitions are given in section 2.6 of [48]. 

Comment. Due to the gl{P\M) PS IRF model being the solid on solid equiva- 
lent to the sl{r+ l|s+ 1) PS vertex model, this section shall read very similarly 
to the first section of this chapter. To begin the similarities we now label 
P + M = L in the remainder of this section. 

State vectors from and additional definitions. We introduce the no- 
tation, 

efc = {0,...^,1,0,...^} ,ke {!,..., L} (6.13) 

fe-l L-k 

as a unit vector in the field = Z x • • • x Z. Additionally we introduce the, 

L 

(as yet unmotivated), L x L matrix uj and length L vector e, where uj is an 
arbitrary constant antisymmetric matrix, 

Lo,,€C , i,j €{!,..., L} > 
and Cfe is given simply as, 

r +1 for l<fc<P 

^^^1-1 for P+l<k<L (^-l^) 

With these definitions we are now properly equipped to define our solid on solid 
(SOS) playing field and the parameterization of the face weights. 
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The N X N SOS playground. As with the BSOS model, the iV x iV faces 
for the gl{P\M) PS IRF model have both horizontal rapidity flows, Ui £ C, 
I < i < N and vertical rapidity flows, Vj e C, 1 < j < A^. 



Figure 6.7: The N x N SOS lattice with vertical and horizontal rapidity flows. 



However, unlike the BSOS model, whose state variables were elements of Z, 
the state variables of gl{P\M) PS IRF model include additional generality in 
that they are vectors which are strictly elements of Z^. 



Figure 6.8: A typical face of the model with state variable vectors {a, b, c, d} S Z^. 



Labeling of the faces. Each of the N'^ faces are labeled by the difference 



of the corresponding horizontal and vertical rapidities, Ui 



and obviously 



by the set of four state vectors, {a, 6, c, d} G Z^. Hence we label the weight in 
h 



fig 



6.8 



as W 



a 
c 



d 



Allowable face configurations and weights. We remark that the Boltz- 
mann weights of the model are set to zero unless the differences b— a, d — a, c— d 
and c~b are, up to a sign, equal to some unit vector efe. In the following we 
use the notation, 



[u] ^ H{Xu) 
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where A S C plays the role of the global crossing parameter. Thus, given an 
initial state vector a G Z^, the non zero weights are parameterized by, 



W 
W 
W 



a ci + Cj 

a + Bj a + 2ej 

a a + Ck 

a + Cj a + Cj + Ck 



a 



a + e 



a + Ej a + Cj + ik 



u — V ] — 



[1 + ej {u - v) 
[1] 

[u - v][ajk - ' 



u — V ] — 



[ajk - (m - v)] 
[ajk] 



3^k 



where Ujk — ejaj—ekak+LUjk, {dj being the jth component of the state vector a). 

Yang-Baxter equation. Given state vectors {a, b, c, d, e, /} S T,^ and ra- 
pidities {mi,U2,W3} G C, the above weights of the gl{P\M) PS IRF model obey 
the following Yang-Baxter identities [40,41], 



/ 9 

a b 

e d 

9 c 



Ml — 113 



Ml — Us I W 



e d 



9 c 
a b 



U2 — U-i ] W \ ^ S M2 — Ml 

9 b 



U2 — U3 ] W 



whose graphical representation is given in fig. |6.9| 



/ 5 



U2 — Ml 




Figure 6.9: Graphical representation of the Yang-Baxter identities. 



DWBC's. The DWBC's for the gl{P\M) IRF model follow naturally from 
the DWBC's of the previous sl{r + l\s + 1) vertex model. Firstly, we place an 
arbitrary element of 1^ , labeled a(o), as the top left height of the N x N faces. 
Each subsequent outermost height to the right and south of the top left corner 
increase by one unit of ei. Then south of the top right corner, and right of the 
bottom left corner, each subsequent outermost height increase by one unit of cl 
until the bottom right height is ojo) + Nei + Ne^. 

Due to the DWBC's, there are only six types of faces that we need to con- 
sider. If we label ei = e_|. and = e_, the necessary weights are given by. 



W 
W 
W 



a a + e± 

a + e± a + 2e± 

a a + e± 

a + a-|-e++e- 

S a + e± 

a + e± a + e+ + e- 



= Wa,±{u-v) = 



[1] 

[ii-D][ai_j,±l] 
[IKai.i] 
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3e, 



-Nej+2ej 
-Ne,+3e, 



NCj NCj NCj 
+ e, +2e, +3e, 



Fi gxirc 6.IO1 DWBC's for the model, notice that the presence of ^^qj from all state vectors 
has been suppressed. 



It is possible to consider the rapidity and height section of the B weights sepa- 



rately. Labelling Wg^^{u — v) = W^'^Wb{u — v) We shall use the convention, 



yr.(S) _ [ai,L ± 1] 



Wb {u — v) = 



[u — v\ 



(6.16) 



Non-invariance of the line permuting vertices. As with the PS vertex 
models, the gl{P\M) height models with DWBC's display a non-invariance of 
the Wa,±{u — v) vertex when Cj changes from 1 to L, and vice versa, 



W 

w 



a a + ei 

a + ei a + 2pi 



a a + cl 
+ ez, a + 2ez, 



[1] 

[1 - - v)] 
[1] 



We shall exploit this property in much the same way that we did for the vertex 
model. 



6.2.3 Equivalent elliptic Korepin properties and the DWPF 

The DWPF of the gl{P\M) PS height model, Zn {u, v), is given as the sum 
over all allowable weighted configurations of the N x N faces under DWBC's, 



Zn (u, v) 



allowable 
configurations 



faces 



Korepin-like properties of the DWPF. We now list four properties which 
the DWPF of the model satisfies. We shall then show that the DWPF is neces- 
sarily determined uniquely by satisfying these properties. 

Property 1. The partition function satisfies the following quasi-periodic con- 
ditions in ui, 

Zn iu,v) = (-l)^^iv {u,^ (6.17) 



exp 



1^ 



Nui 



Zn {u, v) 
(6.18) 
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and in ^i, 



Zm {u, v) l^^^^^^^Ki = (-1) Zn (u, v) 



(6.19) 



Zn {u, v) 



' V^ — +2 - 



exp <; — — I Nvi - + ("(o))i,ij I ^iv 

(6.20) 

Proof. An elementary analysis of the top row reveals that, for 1 < ^ < iV, all 
valid configurations are of the form, 



r i-i 



«(0) + (j - l)e+ a(o)+je+ 
a(o) + je+ 5(0) + (j + l)e+ 



til - V, 



xW 



«(0) + (' - l)e+ ffl(o) + 

a(o) + le+ a(p) + /e+ + e_ 



n ^ , 



«(()) + (j-l)e+ a(o)+je+ 
J(0) + (j - l)e+ + e_ 0(0) + je+ + e- 



Ui - V, 



(6.21) 



■pr [1 + 111 - «j] \ [(«{(') + - 1)^+) 1,L - -"1 + ^i] 

W J [(a(o) + (/-l)e+),,J 



^ ^ K-«,][(5(o) + (j-l)e+),^^ + l]^ 
u=i+i 



[l][(S(0) + (j-l)e+)^^ 



Verifying the first quasi-periodic condition is elementary. To verify the second 
condition we consider the coefhcients that appear due to ui ui + in the 



j e {1, . . . ,1 — I}, j ~ I and j G {I + I, . . . , N} expressions in eq. 6.21 

i-i 



1 < i < ? - 1 

l + i<j<N 



exp 



exp 

JV-! 



exp 



(;-l)(l + «i)-^i;, 
- (ui - (a(o) + (/ - l)e+)^^^ - vi^ 
{N - l)m - E I i 



iivX 
1^7 



j=;+i 



where (a(o) + — l ^ ^ ^ ^' Multiplying these three terms 

together we obtain eq. |6.18[ 



Verifying eqs. 6.19 and 6.20 consists of much of the same process. 
Property 2. From the Yang-Baxter equation it is possible to show that, 

Zjv [U,V) = T- 7 ttZjv (U2, . . . ,UN,Ul,V) 



j=2 



(6.22) 



which gives exactly N ~ I zeroes per period rectangle in the form ui — Uj — I - 
2rnJU _^ 2inJ£2^ j = 2,...,N, {m, u} € Z. Performing the equivalent techniqi; 
on the zTs we obtain. 



N 



(6.23) 
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which gives exactly — 1 zeroes of the form vi — Vj 
j = 2,...,N, {m,n}eZ. 



2mKi 
A 



2inK2 
A ' 



Proof. We consider placing a w 



faccQ 



0(0) + Ne^ 0(0) + JVe-i- + e_ 

^(0) + -^^6+ + e_ 3(0) + Ne+ + 2e_ 

on the right hand side of {u, v). This process is displayed in the first diagram 
of fig. 6.11 We notice that there are no other valid internal state vectors for 
this face, thus we can apply the Yang-Baxter equation and shift it through to 
the left hand side of the bulk. Once at the left side of the lattice, the face is 

3(0) S(o) + e-i- 

"(0) + e+ 3(0) + 2e+ 

valid internal state vectors, and the rapidities ui and U2 are switched. Thus we 
obtain. 



fixed to a ly 



configuration, as these arc the only 



Zn {u, v) 



U2\ 



Zn {u2, Ul,U3, . . . ,UN,v) 



[1 — {ui — U2)] ' 

Applying this process an additional N ~ 2 times so that ui is the bottom-most 



rapidity, we obtain eq. 6.22 



The method for the verification of eq. |6.23| is obviously entirely analogous. We 
begin by applying the line permuting face, w ( , °<'^' ^ '^^^ Ui - ^2 I , to 



"(0) "(0) + e + 

1(0) + e+ 0(0) + 2e+ 

the top of Zjv (u, u) , and apply the Yang-Baxter equation repeatedly until we 
obtain, 



Zn {u, v) = 



[1 - ("1 - "2)] 

[1 + Ul — V2] 



Zn (w, V2,vi,V3, . . . ,vn) 



Repeating this procedure an additional N — 2 times so that Vi is the right-most 
rapidity, we obtain eq. 6.23 



"1 -V 





Figure 6.11: Graphical derivation of cq. |6.22| notice tliat state vectors have been suppressed. 



Property 3. Zj^ satisfies two recursion relations per period rectangle. The 
first equation can be derived by freezing rapidities wi = wi — 1, so that the top 
left hand corner face is always of a Wc\+ configuration, 

/ JV 

(-1) n - -1) 

\k=2 

^Remember that in earlier discussions we label this face, and its conjugate as line permuting 
face. 
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The second equation can be derived by freezing rapidities ujv and so that the 
bottom left hand corner vertex is always a Wc.+ configuration, 



l"]v="i —^^C. 



(0) n 

,+ {uk — Vl) 



(6.25) 



l[WA,-iuN 



Equivalent results exist for other period rectangles. 



Proof. Simply freezing the top left face to a Wc,+ config uration by fixing 
the the rapidities, ui = ui — 1, we see immediately (fig. 6.121 that the faces of 
the first row and first column are frozen in the configuration given by eq. |6.24[ 
We additionally notice that the remaining faces in the {N — 1) x {N — 1) bulk 
are under DWBC's, with the top left hand st ate v ector equal to ajp) + e+ + e_, 
hence verifying eq. |6.24[ The verification of |6.25| is an exactly equivalent pro- 
cess. 



(N-l)e, Ne, 



2<=, 
3e, 



(N-l)e, 
Ne, 





e^ 7,e 






(N-1) 








































(N-1) 

























Ne, Ne, Ne, 



NGj Ne^+NCj^ 
+(N-l)e, 



Figure 6.12: Graphical derivation of eq. 
stater vectors. 



6.24 



notice a^Qj has been suppressed from all 



Property 4. The initial condition is given by, 

zf<°'(ui,«i) = M/^™(tti-t;i) 
Proof. Simply setting the DWBC's for a single face produces the desired result. 

An inductive result regarding the four properties of the DWPF. 

Lemma 10. The above four properties uniquely determine the DWPF of the 
gl{P\M) PS height models. 

Proof. We begin by assuming that there exist two expressions which satisfy the 

above four properties. We refer to Z"^"^ iu,v) as the actual partition function, 
and Ztv (utV), which is an altogether different expression. By condition 4 we 
obtain our base case. 

Let us now assume that the two expressions are equal up to some integer N 
and use induction for the A'^ + 1 case. From condition 1 and theorem [4] both 



6.2. THE ELLIPTIC PS HEIGHT MODEL 



183 



^N+i and Zn+i are order N + 1 polynomials per period rectangle in rapidity 
Ui. Additionally for both expressions, by condition 2, iV of those zeros are of 
the form, 

2mKi 2inK2 , „ ,r , r i r„ 
Ml = - 1 + — \ — , J ^2,...,N + 1 , {m,n} eZ 

From condition 1 we also know that the remaining zero in ui must be of the 
form, 

E^"*"^ / \ \ AT -, 2mKi 2inK2 r -, „ 
W - ttj) + (0(0)) + iV - IH \ — , {m,n} G Z 

making a grand total of + 1 shared zeroes per period rectangle. Thus by 
conditions 1 and 2 we know that: 

=C(ui)Zjv+i, (6.26) 

where C(u\) is a multiplicative constant independent of rapidity u\. To find 
C{u\) we apply the first (or equivalently second) recursion relation of condition 



3 (and the inductive assumption that Z'^ = Z^r), to eq. 6.26 to immediately 
obtain C{u\) = 1. □ 

Note that an alternative form of the above proof can be equivalently carried 
out using the zeros of v\ . 

6.2.4 Product form for the DWPF. 

Proposition 33. The following product form for the DWPF satisfies the four 
Izergin-like properties, 

'"'"'^ ■("-«).. 

Proof. As is required, we explicitly verify each of the four properties. 



6.18 



Veri fication of property 1. Verifying eq. 6.17 is elementary. To verify eq. 
we consider first the coefficient that appears due to applying ui —> ui + 

to the term [(a(o))i^i + (A^ - 1) - Ef=i('"fc - Wfe)], 

"g*''''^!"^ |^^(Mfc -ffc) - (a(o))i_i - (iV- 1) 
and similarly to JljL2[l + " uj], 

i \ ITVA 



(^(iv-i)Mi-^M, + (iv-i)j| 



Multiplying these terms together we obtain eq. 6.18[ Verifying eqs. 6.19 and 
|6.20| is an equivalent process. 
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Verification of property 2. From eqn. |6.27| it is immediate tliat — 1 
of tlie zeros, per period rectangle, exist in the form, 

2mKi 2inK2 . r„ ,ri r i 
ui=u,-l + + , J = {2, . . . , iV} , {m, n} G Z, 

and similarly with Vi. 

Verification of property 3. Freezing the rapidities ui and vi such that 
ui = vi — 1, eq. |6.27| becomes, 

[(«(0))i,L+^] Y] [u, - vi] [u, - V,] 
[(a(o)),_^ + (iV-l)]/i [1] [1] 

[("(0))l.£ ELzK - "fc)l -pr [1+U,-Uj] [l-{v^-VJ)] 

[(«(o)).,. + ^] J<L w w 

where we recognize that, 

[("(0))i.L + ^1 fr Wj - vi] [ui - V,] 
[(«(0)),,^ + (A^-l)]M [1] [1] 



and. 



[(a(o)+e+ + e_)^^^ + (iV-2)l ^J^, [1] [1] 



which verifies the first recursion relation. Verifying the second is an equivalent 
process. 

Verification of property 4. Simply let iV = 1 in eq. |6.27| to obtain the 
required result. 

Since eq. |6.27| obeys the four Izergin-type properties, it is uniquely the DWPF 
of the gl{P\M) PS IRF model. □ 



6.2.5 Generation of elliptic identities using the product 
form of the DWPF 

Given that we have obtained a closed form product expression for the DWPF 
of this elliptic model, we are now in a position to combine these results with 
the results of the previous chapter, (that is, obtaining a recursive formula for 
the partition function), to generate some non trivial elliptic identities. Since 
the identities are valid by construction, we are not required to verify them tra- 
ditionally using theorem 3. Obviously this is an advantage as applying such 
a theorem to verify large identities can be an extremely involved and painful 
process. 
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Remark. The process of applying the roUing technique to this model initially 
holds several differences and complications, and as such we shall begin slowly. 
Nevertheless, all the proofs of the main results necessary axe exactly the same, 
hence they shall not be verified explicitly. 

Rolling revisited. In order to generate the recursive formula for the par- 
tition function, we need to play the same game that we did in the previous 
chapter, that is, applying the rolling technique [42] multiple times so that the 
top row is frozen into (A'^ — 1) Wa,+ faces. 

We begin by considering the right most column of the NxN bulk with DWBC's. 
We recognise that the boundary conditions force the partition function to con- 
tain only one single Wc,+ configuration in the right most column. 

I \ \ \ \ 1 

Se|+C[, 

5e|+2c, 

5e|+3eL 

6ei+3eL 

6e,+4eL 

' 1 ' ' 1 6e,+5e,_ 

Figure 6.13: Example involving 6x6 bulk SOS. 6x5 bulk on the left hand side labeled as 
L[ri,U4]- 



6e,+ei_ 

6c,+2eL 

6e,+3eL 

6ei+5eL 



As for the remaining weights, those above the Wc,+ are of a Wb,+ configu- 
ration, and those below are of a Wa - configuration. Thus we obtain. 



N ao + (]V-l)ci \ ao + (A'-l)ei 

j=i \k=i / 



X 



' JV \ 

Y[ Wa-{uu - Vn) J L[rj,Uj] 



(6.29) 



where as before, L[rj,Uj] is defined as the remaining N x {N — 1) lattice where 

the lone outermost Wc.+ face was present on the jth row. The main goal of this 
section is to use the Yang-Baxter equation to force the remaining N x (N — 1) 
bulk into a configuration similar to that of L[ri, ui], thus forcing the remaining 
(A'^ — 1) faces of the top row into Wa,+ 's. Thus we obtain, 

L[ri , wi] = ^ n ^^■+ ('^i - Z^N-^'' (vn) (6.30) 



Rolling Once. We begin this procedure by considering a general N x (A^ — 1) 
configuration, L[rj,Uj], whose right-most state vector jumps from a(o) + ~ 
l)ei + {j — l)eL to a(o) -I- Nei + {j — l)eL whilst crossing the horizontal rapidity 
flow, Uj, in a downward direction. In addition we also consider L[rj_i,Uj^i], 
whose right-most state vector jumps from -|- {N — l)ei -|- (j — 2)eL to 
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ei 2e, 3ei 4ei Sej 



K A. A. A. A, 



El 2e, 3e, 4e, Sej 6e 



Figure 6.14; An example of L[ri,ui]. Notice the entire top row is frozen into Wa,+ faces 
leaving behind an (AT — 1) x {N — 1) bulk with DWBC's, with a(o) + ei as the top left state 
vector. 

5b 1 

@>-2eL 
6ei+3eL 

6ei+4eL 
6ei+5eL 

Fi gure 6.15: Typical example portraying the difference between L[rj^Uj] (left) and 
L[rj-i,Uj-i] (right) for j = 4, AT = 6. 



Sei+Bj^ 

Sei+2eL 

5e,+3eL 

6e^+4eL 



"4^ 



0(0) + Nei + {j — 2)eL whilst crossing in a downward direction. 

S(0) + (N-l)<!i 

We now multiply the configuration L[rj,Uj] by the face Wg ^'-'^^'^^^ (uj^i — uj) 

3(0)+(«-l) = l 

and the configuration L[rj-i,Uj-i] by the face W(^_,!|'''~^''^ ('"j-i ~ Uj). As 
with the BSOS model, we notice that this sum of the two configurations means 
that the internal height is being summed over all allowable values. 
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a(0)+("-i)<5i 

Figure 6.16: Multiplying Llrj,Uj] by Wg ^'•''^^^^ ("j-l - "j) (on the left) and 

S(0)+(«-l)=l 

L[rj-i,Uj-i] by W^^ ^'•^'^^"^ ("j-l — "j) (on the right). 



We are now in a position to apply the Yang-Baxter equation to the above con- 
figuration and shift the intertwining of the Wj-i and Uj rapidities to the left 
hand side of the TV x (iV - 1) bulk. 




Fi gure 6.17: Applying the Yang-Baxter equation to shift the intertwining of horizontal 
rapidities to the left hand side of the bulk. 



Where we notice that the sum of state vectors, ^ g, is actually fixed at a(o) 
{j — 2)ei. Thus we obtain the algebraic expression, 

(j-2) fu,-l\ . „. _ „, ,1 



where we have used the following identities, 

a(o)+(N-l)ei 



An) ( _ WA,±(uj^l-Ui) (n) / Uj \ 

J± \ J S(o) + («-i)ei y J 



3(0)+(«-l)ei 



A note on exchanging rows in the bulk. In the previous chapter it was 
not necessary to keep track of any exchanges in the horizontal rapidities due to 
the invariance in the line permuting faces, i.e. 

WA,+ {Ui - Uj) = WA~{Ui - Uj) = WA{Ui - Uj). 

We obviously do not have such invariance in this chapter. Thus it shall be- 
come necessary very shor tly to keep track of such exchanges, such as the term 
L[rj-i,Uj Uj-i] in eq. 



6.31 



Rolling twice. We now apply the rolling procedure to the configurations 
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L[rj-i,Uj — > Uj^i] and L[rj_i,Uj_i]. Using the above procedure we obtain 
the results, 

An additional note on exchanging rows in the bulk. In the previous chap- 
ter, due to the invariance of the rapidity permuting faces we had the following 
result, 

L[rj-2,Uj-2,Uj Uj^i] = L[rj-2,Uj-2]. 
With the current definition of the non invariant rapidity permuting faces, the 



above result now looks comparable to property 2 (eq. 6.221 of the DWPF 



L[rj.2,Uj-2,Uj ^ Uj^i] = — -L[rj^2,Uj-2]- (6.32) 

WA,+ (Uj-l — Uj) 

Using the above result, and collecting the coefficients of the N x (N — 1) bulk 
terms we obtain. 



(6.33) 

As before, we now analyze the coefficient of L[rj_2, ""^-2] carefully with the in- 
tention of reducing it using some Yang-Baxter identity. 

We begin by multiplying the coefficient by a factor of, 
to obtain, 

+ W^^-^\u,.^ - U,)W'i;i^\u,.2 - U,)W^^'J\u,.^ - U,.2) 

In the form of eq. |6.34| the coefficient can be recognized as the left hand side 
of a Yang-Baxter identity, whose diagram is given in fig. |6.18[ 

Hence the reduced form for the coefficient of L[rj_2, ^^^-2] is given by, 

3(0)+(«-l)ei S(0)+" = 1 

S(0)+(«-l)'5l a(o,+(N-l)ei 3(0) + ( JV - 1 ) e i 



Uj-2 J \Uj-2 



(6.35) 
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Fi gure 6.181 Graphical representation of the Y-B identity under consideration. Notice that 
the state vectors have been omitted and can easily be inferred from eq. |6.34[ 



where we have used t he res ults that the height and rapidity parts of the Wb,± 
weights decouple (eq. 6.16), and, 



(^(0) + jiei + j2ei,)^ ^ = (5(0) + fcifii + k2eL) J ^ for ji + = ki + k2 

a,o)+]Vei S(o)+(N-l)6i (6.36) 



Thus after applying the rolling procedure twice we obtain the following for 
L[rj,Uj], 



where. 



L[rj„fci,Uj-fc2] = -^'['"i-fci,'"j-fc2 '"j-(fc2+i) ^ ■•■ ^ Mj-fci] , k2 < ki 



Expressing Z^*^-* (^^j) convenient product. 



^± U2 



[1 =F (ki - U2)] [(«(o) + (^ - + fcei)j_ 



[iti - U2] [(a(o) + (TV - l)ei + fcei)^^^ + 1] 



(1) 



U2 



/(2) (fc) 
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we obtain the following suggestive form, 



^ ^ (j-2) / /(2)(^ - 1) 



X' n / 

k=l + l 



Ul J f(2)(j - 1) 
/ J-1 



n / 



(fc-1) I Uk 
Ul 



L[rj-2,Vi]+\ n /- 



(fc-l) / Uk 



.k=j-2 



-,(j-2) / «j 



(6.37) 



^ f{2){l - 1) 

'.i-2f^-'^{:^)M-^) 



n / 

, fc=j-2 



(fe~l) I Wfe 



n / 



(fc-l) / Uk 
Ul 



Rolling Many Times. The process of iterating this procedure many times is 
now straightforward. The obvious choice for the expression of L[rj,Uj] after a 
general number of rolling operations is, 



Lfr,-, u 



l—j — n 



(:0 



f(2){l-l) 



j 

n / 



^ i-i 
n /i^ 



(fc-l) / Uk 
Ul 



(6.38) 



(fc-l) / Uk 
Ul 



L[rj-„,Vi] 



for 2 < 71 < J — 1. We now prove eq. |6.38| using induction. Obviously we know 
that it holds for n = 2, assuming now that it holds for general n = p — I, we 
consider using the rolling procedure once more to obtain. 



^ 9 

E 



0-2) 



/(2)(«-l) 



i=J-(p-l) 



/(2)(j-l) 



' l-l 

n /i' 



(fc-l) ( Uk 
Ul 



n / 

fc=! + l 



(fc-l) I Uk 
Ul 



p-1 



n/a) 

v 



k = l 



which leads us to the following result. 
Proposition 34. 



fc=l 
-1 



(i-i-fc) j Uj^k \ \ ^(j-i-p) 



=9 



1=1 



0-2) 



{3-2) I Uj 
Uj-l 



^ p-1 

n/a) 

v 



Uj-k 
Uj-l 



p-1 

fc=i 



'P-I N 

+ ( n/(2)(j-i-^) 

.fc=2 y 



■it,-fc 
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A note on verifying the above result. The method of verifying proposi- 
tion 34 is exactly the same as verifying proposition 29 in the previous chapter. 
The right hand side of the above expression can be expressed as an equivalent 
diagram to fig. |5.12| where the rapidity labels stay the same and the state 
vectors can be easily inferred. We then apply the same Yang-Baxter procedure 
as explained in proposition |29| to obtain the left hand sum of p terms. We then 
divide by the following factor, 



where Wg (u) = ^'^^ (u), to obtain the required expression. 

Using proposition [M] we instantly verify eq. |6.38| for general n. Taking n — j — 1 
we obtain, 

^ ^ y /(2) - 1) ( ri Ak-^) f ( Yj ^(k-i)(uk 



"V-l \ 

n (Uj ~Vk) Z'^'i\ ^\u,V,Uj,VN) 



k = l 



(6.39) 



where we have applied the following obvious generalization to eq. |6.30| 
Thus, eq. |6.29| becomes, 

N j S(, + (N-l)ii \ SQ + (iV-l)d!i 

j=l i=l \fc=l / 



The above expression contains two summations. We shall now proceed to use 
the same algorithm detailed in section [5. 2. 2| to absorb one the the summations. 

Further reducing the recurrence relation. 
Proposition 35. 



\fc=i ^ ' J \fc=i+i 




(6.41) 

n WB(uk - "'v) I ( n w^-4.+(m, - vu) ) ^^<!'+''(M„{;iv) 
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A note on verifying the above result. The method of verifying proposition 
6.41 is exactly the same as verifying proposition 5.27 in section |5.2.2 Minor 



changes appear in the state vectors of the necessary Yang-Baxter equation(s), 
but these can easily be derived as we already know which of the six necessary 
configurations the corresponding faces must be. 



Generating the elliptic identity. We now substitute the known product 
jj^ anu 



form for Zt? and Zti"^^"^^ {uj,vpf) to obtain the following elliptic identity for 



general N 

[(ao)i^^ + (TV - 1) - ^(u, - «,)] ( n [1 - ("^- - 




X Po),,^ + 2{N - 1)] = E(-l)^-'=[(ao)i,^ + 2(iV - 1) - (u, - v^)] [ 



] [(ao)i,^ + (7V-l)-^u, + ^ 



n 

l<i<J<N 



vn 



[Ui - Uj 



(6.42) 



Proving such an identity using theorem [3] would obviously be a non trivial task. 
Nevertheless, a starting point would be to consider eq. 5.1 which we know to 
be one of the simplest non trivial elliptic identities. Performing the following 
change of variables, 

1 N -,1 1 

1 N ,1 1 

^2 '-""^l.i + 1 - 2^^ + 



2 



, 1 1 

1 + -Ui + -U2 — V2 



1 N 1 1 

2 + 2^1 + 2"^ """^ 



we obtain the N = 2 case of eq. |6.42[ 
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